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The onset of the barotropic sudden warming in a global model
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The barotropic, vortex-splitting sudden warming is analyzed in a simple global model,
comprising the rotating shallow-water equations on the sphere with and without the
effects of thermal forcing. A quasi-stationary approach is suggested as an effective means
of exploring the two-dimensional parameter space of forcing amplitude and a suitable
measure of vortex strength. We find that the main dynamical regimes obtained previously
in a quasi-geostrophic f -plane model by Matthewman and Esler persist in the global
model, with the exception of certain rotating vortex states that depend on the method of
initialization. Short-lived regimes in which the vortex splits and reforms repeatedly are
observed under certain parameters, although gradual dissipation of the vortex means that
these cannot be classified as persistent vacillating states.
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1. Introduction
A number of recent articles have highlighted the importance of
the external, or barotropic, mode in the evolution of those stratospheric sudden warming events that exhibit a predominantly
wavenumber-two development and a split of the polar vortex
throughout the depth of the stratosphere. As demonstrated by
Esler and Scott (2005), the upward Eliassen–Palm flux due to the
resonant excitation of the barotropic mode in a representative
model of the winter vortex dominates the flux associated with
vertically propagating waves by one or two orders of magnitude.
The excitation of upward-propagating waves in general leads
to angular momentum changes that are significant only in the
upper vortex region. In contrast, stratospheric sudden warming
events involving a split of the vortex throughout the depth of the
stratosphere require wave fluxes of a magnitude only achieved
through resonant excitation of the barotropic mode. The largest
overall vortex response is achieved when the forcing is initially
slightly away from resonant conditions, in such a way that
subsequent changes to the mean flow bring the system closer
to resonance: a weakly nonlinear, self-tuning mechanism first
put forward by Plumb (1981) and demonstrated in the fully
nonlinear experiments of Esler and Scott (2005).
The sudden warming that results from the excitation of
the barotropic mode in simple models has a structure that is
qualitatively similar to many of the wavenumber-two sudden
warming events documented in the literature (e.g. Manney
et al., 1994; Lahoz et al., 2011). Perhaps the most compelling
evidence of the relevance of the barotropic mode to vortexsplitting sudden warming events was provided by the composite
analysis of Matthewman et al. (2009). That analysis demonstrated
a strong similarity in the morphology of all vortex-splitting
events, which possess a clear barotropic structure with near-zero
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vertical phase tilt. Moreover, the composites revealed a clear
tendency for the splitting to align along a fixed geographical
axis, indicating a controlling role of topography and/or land–sea
temperature contrasts, albeit possibly mediated by tropospheric
synoptic eddy activity. The barotropic structure of the vortexsplitting events is in contrast with that of sudden warming events
involving a predominantly wavenumber-one development and
characterized by a displacement of the vortex from over the Pole.
The displacement events possess a distinct vertical phase tilt,
indicating the importance of vertical propagation, although it
should be remarked that the vertical wavelengths of the dominant
vertical modes are of the order of ten scale heights or more
(see figure 8 of Matthewman et al., 2009). In further support
of the above, a recent study of the 2009 stratospheric sudden
warming (Albers and Birner, 2014) demonstrated that the vortexsplitting event was better explained by resonant excitation rather
than being triggered by the anomalous excitation of vertically
propagating Rossby waves.
Analysis of simplified models reveals that detailed aspects of
the vortex evolution may depend sensitively on the basic vortex
parameters of the equilibrium state. Model evolution resembling
the unusual Southern Hemisphere sudden warming event of
2002, for example, in which the vortex split predominantly in
the middle and upper stratosphere but remained intact at lower
levels, was obtained by a suitable initial vortex configuration in
which the vortex area decreases slightly with height (Esler et al.,
2006). Other details, such as the location of the midlatitude
tropopause, also affect the vortex evolution for a given topographic forcing. The analysis of Esler et al. (2006) suggests that,
under typical Southern Hemispheric conditions, vortex-splitting
events occur in a relatively narrow region of parameter
space.

Onset of the Barotropic Sudden Warming
A quantitative understanding of the nonlinear dynamics of the
barotropic sudden warming and the conditions under which it
occurs was further developed by Matthewman and Esler (2011).
To focus attention on the barotropic mode, in isolation of the
effects of vertical propagating waves, they considered a singlelayer model of a polar vortex subject to topographic forcing.
Restricting the situation further to polar f -plane geometry under
quasi-geostrophic scaling, the system is arguably the simplest that
captures the relevant nonlinear dynamics and wave–mean flow
interactions. This simplified system is characterized by a twodimensional parameter space, involving the topographic forcing
amplitude and a background rotation parameter, equivalent to
the forcing frequency used in Esler and Scott (2005). A number of
qualitatively different vortex responses were identified, involving
either simple rotating or oscillating states, in which the vortex
remains coherent, or else the strong irreversible destruction of
the vortex occurs. The latter case was shown to arise either from
a continual but gradual elongation or from a distinct and sudden
splitting of the vortex. The vortex-splitting regime was further
analyzed in a series of reduced models that showed its dependence
on the self-tuning resonance mechanism. The transition in
parameter space separating the rotating and splitting regimes
was shown to be abrupt, suggesting that stratospheric sudden
warming events may occur even in the absence of anomalous
transient growth of topographic forcing.
While the simple model studied by Matthewman and Esler
(2011) allows a detailed exploration of parameter space, it
may be asked to what extent the results carry over to a more
realistic representation of the winter stratospheric polar vortex.
In this paper, accordingly, the next natural level of complexity
is considered. Specifically, we assess the extent to which the
parameter dependence is modified by three important effects:
(i) spherical geometry; (ii) ageostrophic motions; and (iii) the
process of thermal relaxation to a mean basic state. We retain the
simplicity of the single-layer model purposefully, to isolate the
dynamics of the barotropic mode from the dynamics associated
with vertically propagating waves. While the latter are certainly
important in the winter stratosphere, the interaction between
displacement and splitting sudden warmings greatly complicates
the range of vortex evolution and makes a systematic exploration
of regimes difficult. With this in mind, the most appropriate
generalization of the quasi-geostrophic f -plane model is then the
shallow-water system on the sphere. We emphasize that our aim
here is mainly to establish how the regimes identified in the quasigeostrophic f -plane model persist or are modified by the effects
of spherical geometry or finite layer depth, rather than attempting
a detailed analysis of the dynamical mechanism of the vortexsplitting regime. Analysis of individual cases suggests that the latter
is not substantially different from the quasi-geostrophic case.
The remainder of the paper is as follows. In section 2,
we describe the physical model and set-up of the numerical
experiments. The latter differs in a fundamental way from that
of Matthewman and Esler (2011) in that only quasi-equilibrium
states are sought. In sections 3–6, we present the main results,
increasing the level of complexity systematically by introducing
in turn the effects of spherical geometry (section 3), ageostrophic
effects (section 5) and thermal relaxation (section 6). We give a
short validation of the quasi-equilibrium approach in section 4
and summarize the results in section 7. An Appendix examines a
technical issue relating to the representation of a discontinuous
basic state in a pseudospectral model.
2. Model and experimental design
2.1.

Physical model

We solve the rotating shallow-water equations in vorticitydivergence form:

ζt = − ∇ · (uζa ),
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(1a)
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δt = − 12 ∇ 2 |u|2 + k · ∇ × (uζa ) − g ∇ 2 (h + hb ),

(1b)

ht +∇ · (hu) = −α (h − he ).

(1c)

Here ζ , δ and h are the relative vorticity, divergence and layer
thickness, respectively; ζa = 2 sin φ is the absolute vorticity,
where  is the planetary rotation rate and φ is latitude; g is
the gravitational acceleration; u is the horizontal velocity. The
system is forced by a specified topography, hb , and relaxation to
an equilibrium height he at rate α (see sections 2.3 and 2.4 below).
The relevant vertical structure of the barotropic mode in
a compressible atmosphere is the Lamb mode,
which has a
√
Rossby deformation length given by ND/f κ (1 − κ ), where
N is the buoyancy frequency, D is the density scale height in
the vertical, f is the Coriolis parameter and κ = 2/7 for a
diatomic gas (Matthewman and Esler, 2011). In the polar winter
stratosphere, this value is approximately 2100 km. In the shallowwater model, it is appropriate to use a mean layer depth H that
gives a corresponding deformation
√ length. Using the shallowwater deformation length LD = gH /f and using the polar value
of f , this then implies a value of H ≈ 10 000 m, which is what we
use in sections 5 and 6 below.
The equations are solved in a spherical coordinate system using
a standard pseudospectral model in which the model fields are
represented by a basis of spherical harmonic functions and the
nonlinear terms are computed on a physical space grid. The
numerical implementation is described in Rivier et al. (2002)
and Scott et al. (2004b). Time-stepping is via a semi-implicit
leap-frog scheme. For numerical stability, a weak, scale-selective
dissipation is included on the right-hand side of (1a)–(1c) to
prevent the build-up of enstrophy at small scales; here we use a
dissipation of the form ∇ 8 with a damping rate of approximately
10 day−1 at the smallest resolved wave number. In the experiments
reported below, we used a triangular spectral truncation with
maximum total wave number 170 (T170); some individual model
integrations were repeated at a resolution of T341 to verify the
robustness of the results.
2.2.

Initial conditions

To enable as close a comparison as possible with the results
of Matthewman and Esler (2011), to the extent possible in
spherical geometry, we initialize our model with a polar vortex
comprising a single, axisymmetric patch of constant elevated
potential vorticity situated over the ‘winter’ pole and surrounded
by a region of constant reduced potential vorticity. The latter may
be considered a simple representation of the winter stratospheric
surf zone. Spherical geometry prevents this surf zone from
extending in a realistic manner into the opposite ‘summer’
hemisphere. Because our focus is on the polar vortex dynamics,
we choose a summer potential vorticity distribution identical
to the background planetary potential vorticity. The full initial
potential vorticity is thus given by

⎧
⎪
⎨qv ,
q0 = qs ,
⎪
⎩
2 sin φ ,

φ1 ≤ φ ≤ 90◦ ,
0 ≤ φ < φ1 ,
−90◦ ≤ φ < 0◦ ,

(2)

where qv and qs are the potential vorticity values inside the polar
vortex and surf zone, respectively. We define the vortex edge to
be located at φ1 = 60◦ . The value of the potential vorticity jump
at the vortex edge, qv − qs , determines the strength of the polar
vortex; here we choose qv − qs = 2/H as a convenient value
that results in a maximum zonal velocity of approximately 100 m
s−1 . This value also facilitates direct comparison with the results
of Matthewman and Esler (2011) who chose to scale time units
according to the jump at the vortex edge.
For q0 thus defined, the other fields, ζ and h, are obtained from
(1b) assuming axisymmetry, vanishing δ and no topography.
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 1. Initial conditions: (a) q0 (φ ); (b) u0 (φ ) for the non-divergent limit.

The value qs is chosen to be the unique value that satisfies the
requirement that the integral of the relative vorticity ζ over the
sphere vanishes. The value depends on the particular value of
the mean layer depth of the model. In the non-divergent limit,
H → ∞, it is qs = 0.3589. In the case of H = 10 000 m, it is
qs = 0.3569. With the above choices, the potential vorticity and
associated zonal wind are as shown in Figure 1. The sharp peak in
the velocity profile at the vortex edge is due to the discontinuous
form of the potential vorticity. To avoid unwanted Gibb’s effects
due to the spectral representation of the discontinuity, a weak
smoothing is applied to (2), as described in the Appendix. The
smoothing has virtually no effect on the overall character of the
regimes discussed below.
2.3.

Topographic forcing

As is typical in studies of polar vortex dynamics, waves are forced
with a topographic perturbation of the form
hb (λ, φ , t) = A(t) sin2 (2φ ) cos(2λ + ωt)

(3)

for φ > 0, hb = 0 for φ < 0, comprising a simple zonal wavenumber-two structure in longitude, λ, with angular frequency ω
and a compact structure in latitude with maximum amplitude
A at 45◦ N. The angular frequency ω is treated as an external
control parameter, as in Esler and Scott (2005); Esler et al.
(2006). It may be considered as equivalent to the situation of
a geographically stationary forcing and an arbitrary solid body
background rotation added to (2), controlling the strength of the
polar vortex. The latter interpretation was used in Matthewman
and Esler (2011). A more negative ω corresponds to a stronger
vortex. In the following, we consider ω in the range [−0.2, 0]2,
corresponding to an angular phase speed cp = ω/2 (for wavenumber-two forcing) in the range [−0.1, 0]2. Thus, at the most
negative cp , the peak of the topographic forcing travels once
around the globe in 10 days.
We depart from convention in the choice of time dependence
for the forcing amplitude A(t). The usual practice in idealized
numerical experiments of this type is to hold the forcing amplitude
fixed (possibly after a short period during which it is grown
smoothly from 0). The final value of forcing amplitude is treated
as a further external control parameter, as was done in both Esler
and Scott (2005) and Matthewman and Esler (2011), among many
other studies. In this study, partly for numerical expediency and
partly to simplify the analysis, we consider instead the situation
where the amplitude is very slowly linearly increasing in time:
A(t) = 0.000 25Ht, where t is in days. As we demonstrate below,
c 2015 Royal Meteorological Society


the rate of increase is slow enough that at any one time, at least
away from certain transition values, the vortex has time to adjust
to quasi-equilibrium with the instantaneous topographic forcing
amplitude. During the course of a single numerical integration,
therefore, the vortex sweeps out a range of such quasi-equilibria.
The numerical advantage is a reduction from two to one in the
dimension of the space of control parameters.
A further advantage lies in the way in which the vortex adjusts
through the range of (quasi-)equilibrium conditions. In the f plane system considered by ME11, the equilibrium obtained at
any given value of the background rotation parameter (equivalent
to our forcing frequency ω) and (constant) forcing amplitude also
depends on the initial shape of the vortex. In ME11, the evolution
always began from an exactly circular initial vortex. While a
circular vortex is the simplest and arguably most natural choice,
it could nonetheless be questioned whether it is the most relevant
to situations of interest in the winter stratosphere, in which wave
forcing is often varying on relatively long time-scales. Often a
sudden warming occurs after a period of sustained forcing in
which the vortex is highly distorted, or preconditioned, prior to
the final break-up. We argue, therefore, that a second advantage
of the forcing time dependence considered here is that the vortex
proceeds from one quasi-equilibrium to another one close by and
that vortex-splitting events occur from the most natural regime
consistent with relatively slowly varying forcing conditions.
2.4.

Radiative forcing

Most of the results below (sections 3 to 5) deal with the case
of an adiabatic atmosphere, α = 0 in (1c), considering the
response of the initial vortex to wave forcing at different parameter
values. Because the system is essentially undamped, this method
works well: in accordance with the non-acceleration theorem
(e.g. Andrews and McIntyre, 1976), changes to the mean flow
are restricted to the effects of wave transience or small-scale
dissipation by the weak hyper-diffusion. Both effects are small
away from regimes in which the vortex is violently distorted. It
is natural, therefore, to consider next the effect of realistic wave
damping on the regimes obtained in the adiabatic system. The
case α = 0 is intended as a simple representation of the effects
of long-wave cooling. The associated mass source or sink in (1c)
allows a simple secondary circulation driven by the damping
effect on the waves and the associated potential vorticity fluxes
(Held and Phillips, 1990).
In the experiments discussed in section 5, we use a relaxation
rate of 1/20 days, representative of the middle stratosphere. The
equilibrium height he is taken to be identical to the initial height
associated with (2), providing a weak restoring force to the initial
vortex.
2.5.

Elliptic diagnostics

Following ME11, we characterize the vortex evolution mainly in
terms of diagnostics derived from the second- and fourth-order
moments of the vortex. We first transform the latitude–longitude
coordinates to a regular Cartesian system, using an areapreserving azimuthal Lambert projection. The moments are then
computed in Cartesian coordinates as

μmn =
xm yn dA,
(4)
q>qc

where the integral is taken over all points where the potential
vorticity q is greater than the mid value at the polar vortex
edge, qc = 12 (qv + qs ). We define the normalized moments as
μ̂mn = μmn /μ00 and define the rotationally invariant quantities
I1 = μ̂20 + μ̂02 and I2 = (μ̂20 − μ̂02 )2 − 4μ̂211 . The best-fitting
ellipse to the vortex then has major and minor axes a and b
defined by
√
√
b2 = 2(I1 − I2 )
(5)
a2 = 2(I1 + I2 ),
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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μ20 − μ02


.

(6)

From a and b, we define the aspect ratio ρ = a/b > 1 and the
eccentricity e = 1 − b2 /a2 , both measures of the departure of
the vortex from a circular state.
Two further quantities are useful in describing the vortex state,
the wave amplitude ae and the excess kurtosis κ , both as defined
in ME2011:

μ00
2π

(7)

κ = κ0 − κ1 ,

(8)

κ0 =

μ̂40 + 2μ̂22 + μ̂04
(μ̂20 + μ̂02 )2

(9)

κ1 =

2 3ρ 4 + 2ρ 2 + 3
.
3 (ρ 2 + 1)2

(10)

a2e = I1 −
and

where

and

The square of the wave amplitude is a quadratic measure of
the wave activity in the quasi-geostrophic limit and is thus the
most natural measure of vortex disturbance. The excess kurtosis
measures departures of the vortex from an elliptical state. Positive
κ corresponds to an ellipse that has been extended at the tips and
is obtained when the vortex is subject to filamentation. Negative
κ corresponds to an ellipse that is pinched in the middle in an
hourglass shape and is obtained prior to a splitting of the vortex.
ME11 found that when κ < −0.6 the vortex always split and used
this as a clear criterion for the identification of vortex-splitting
events.
3. Non-divergent limit
We first consider the effects of spherical geometry in isolation
of ageostrophic motions, by restricting ourselves to the limit
H → ∞. A series of integrations of (1a)–(1c) is carried out,
varying the angular phase speed of the forcing, with cp /2 taking
values in the interval [−0.1, 0] in increments of 0.002, a total
of 51 integrations. The forcing amplitude increases linearly at
rate A(t) = 0.000 25Ht from 0 to a value of 0.25H by the end
of the integration at t = 1000 days. The sensitivity to the rate of
increase was tested with a series of integrations using a value of
A(t) = 0.0005Ht; the results obtained are very similar to those we
report here, but with slightly noisier behaviour near some critical
points in parameter space.
The full cp –A parameter space dependence is summarized
in Figure 2, which shows the wave amplitude, excess kurtosis,
orientation and area loss, illustrating the principle vortex regimes.
The regimes are summarized schematically in Figure 3, which,
for convenience, also indicates the location in parameter space of
the particular examples presented in Figures 4–10. The schematic
may be compared with figure 2(a) from ME11, noting that the
sense of the abscissa is opposite to that used in ME11 and so
the graph is mirrored left-to-right.∗ Recall that each vertical line
through parameter space is obtained from a single numerical
integration in which the forcing amplitude is increasing gradually
∗
Specifically, negative cp corresponds to a westward-translating topography,
or, in the frame of reference moving with the topography, to a stronger vortex,
equivalent to a positive surf-zone parameter  in ME11.
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in time, allowing the vortex to adjust to a quasi-equilibrium at each
point. At large forcing amplitudes, the vortex typically enters a
highly transient and nonlinear state, involving irreversible mixing
and a loss of integrity of the basic vortex shape. There is significant
loss of area of the vortex (Figure 2(d)). The elliptic diagnostics
are less relevant in this region of parameter space, but have been
included in the figure for completeness and to indicate the region
of parameter space where the quasi-stationary approach breaks
down. At lower and intermediate forcing amplitudes, however,
our approach is able to identify clear transitions between distinct
vortex regimes. In the following section, we provide a validation
that the linearly increasing forcing is correctly identifying quasistationary vortex regimes. Note that, because we are restricting
attention to the non-divergent limit, differences from ME11
arising here may be attributed to either the effect of spherical
geometry or the property that all vortex states are obtained here
from nearby states, rather than from circular ones.
Five distinct dynamical regimes may be identified, which we
now discuss with reference to some representative values of cp .
We note that, for all values of cp smaller than about −0.01, a first
regime exists at small forcing amplitudes in which the vortex is
steady and approximately elliptical and oriented along the axis
of the forcing, as shown in Figure 4. Note that the equivalent
small-amplitude regime discussed in ME11 consists of rotating
vortex states, clockwise or anticlockwise depending on the value
of their parameter . The aspect ratio of the vortex in our steady
regime decreases from one (circular) as the forcing amplitude
is increased. Above a critical forcing amplitude, which depends
on cp , the vortex loses stability and there is a transition from
the steady regime to unsteady behaviour. The nature of this
transition, however, also depends on the value of cp .
For cp in the range [−0.062, −0.02] the transition at the
critical amplitude A1 is to a quasi-periodic regime in which the
orientation of the vortex oscillates around an axis approximately
orthogonal to that of the steady regime. The shape of the
boundary between steady and oscillating states in cp –A space
is approximately parabolic. Within this regime, both period and
amplitude of the oscillations vary with cp and A, in general
tending toward shorter period at larger A, as can be seen from
the striping of the elliptical diagnostics in Figure 2(a)–(c). The
vortex remains approximately elliptic during the oscillations,
while the wave amplitude undergoes oscillations in conjunction
with the orientation. The changes in wave amplitude here are due
almost entirely to changes in the elliptic aspect ratio of the vortex.
Departures from an elliptic shape are observed in the kurtosis,
showing a tendency towards a slight pinching of the vortex during
its elongated state. Notably, the growth in kurtosis becomes larger
as one moves left along the boundary A1 toward larger negative
values of cp .
An example of the oscillating regime is shown in Figure 5 for
the case cp = −0.03, which shows snapshots of the vortex at 4 day
intervals. The vortex shape at t = 122 days (not shown) is similar
to its shape at t = 106 days. The vortex elongates as it rotates
clockwise and then contracts back toward a circular shape, with
a generally more rapid return anticlockwise. This regime is the
spherical counterpart to the oscillatory regime identified in ME11.
The time evolution may be usefully quantified in terms of the
aspect ratio, orientation and excess kurtosis, shown in Figure 6 for
the first 200 days of the integration. The transition at A1 between
steady and oscillating states is clear at approximately t = 60 days.
Thereafter, well defined oscillations persist. The reduction in the
amplitude of the oscillation is clearest in the orientation, but
also present in both aspect ratio and kurtosis. At higher forcing,
the vortex typically remains at larger aspect ratio throughout the
oscillation period, while its axis moves through a smaller range
of angles. The most negative values of kurtosis (pinching) always
occur when the vortex is most elongated. The period of oscillation
decreases as the forcing amplitude becomes larger.
A second example is shown in Figure 7 for the case cp = −0.05
over a time interval containing the first transition A1 and a second
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 2. Moment-based diagnostics as a function of forcing amplitude, A(t)/H, and angular phase speed, cp /2: (a) wave amplitude ae (black = 0, white = 0.2);
(b) excess kurtosis κ (black = −0.25, white = 0.25); (c) orientation θ (black = 90◦ , white = −90◦ ); and (d) fractional area loss of the vortex from its initial state
(white = 0, black = 1). A linear colour variation is used between the extreme values.

transition A2 , described below. Again, the period of the oscillation
decreases as the forcing amplitude increases, but now there is
relatively little change in the amplitude of the oscillation. Even
at relatively large forcing amplitude, the oscillation is remarkably
regular.
At still larger values of forcing amplitude, but still for cp in
the range [−0.62, −0.2], the vortex in the oscillatory regime in
turn loses stability and a second transition is found. This time,
the critical forcing A2 depends only weakly on cp and occurs in
all cases around a value of about 0.15H, although the value is less
well-defined than it is at A1 . The exact location of the transition
may depend on the details of the transience in the preceding
oscillations, in particular the phase of the oscillation as the
forcing increases. The instability occurs through the filamentation
of material from the elongated tips of the vortex and is a more
gradual process than the transition to the oscillating regime. It is
visible in Figure 2 as a marked increase in the wave amplitude and
a transition to larger and positive values of the excess kurtosis.
For the case of cp = −0.05 shown in Figure 7, the increase in
kurtosis at A2 begins around t = 500 and continues over an
interval of at least 50 days (forcing amplitude A = 0.125H). Two
representative snapshots are shown in Figure 8, for the two values
c 2015 Royal Meteorological Society


of cp = −0.05 and cp = −0.03 just examined, illustrating the
filamentation process at this second transition. Both vortices
continue to undergo oscillations during the transition but, as
can be seen, evolve through strikingly similar states at different
cp . Once significant material is lost from the vortex, the vortex
circulation, the basic characteristic of the basic state, decreases
and it is no longer meaningful to compare vortex regimes. Our
filamenting regime corresponds to the ‘HIGH’ regime discussed
in ME11.
A very different pattern is obtained at larger negative cp , in
the range [−0.072, −0.1]. First, the boundary of stability, As , of
the steady regime is approximately linear rather than parabolic
and, moreover, it does not connect smoothly to the boundary
A1 identified above. It extends to large forcing amplitudes well
beyond the amplitudes for which oscillating states lose stability
at less negative cp . Secondly, the instability of the vortex as the
forcing amplitude is increased across this threshold does not lead
to a simple oscillatory state but instead results in the irreversible
destruction of the vortex: the vortex splits into two separate lobes,
the characteristic pattern of vortex-splitting sudden warming.
A representative case with cp = −0.08 is shown in Figure 9.
Essentially the vortex starts to rotate clockwise as before, but the
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 3. Schematic illustrating the parameter dependence of the main regimes.
Crosses indicate the location in parameter space of Figures 4–10. Solid lines
indicate approximate locations of the regime boundaries; the dashed line
represents an indistinct regime boundary. Vertical dotted lines indicate the
parameter range spanned by Figures 6 and 7.
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Figure 5. Potential vorticity for the case cp = −0.03 at times t = 106, 110, 114,
118 days (a–d, respectively).
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Figure 4. (a) Structure of the topographic forcing. (b) Potential vorticity for the
case cp = −0.04 and A/H = 0.03 (t = 120 days in the integration).

0

10κ
kurtosis now becomes increasingly negative to such an extent that
the vortex cannot recover its approximately elliptical form (recall
that growth in (negative) kurtosis at the boundary A1 became
larger at more negative values of cp ). The behaviour at the stability
boundary As can be contrasted with that at the boundary A2 , which
involved the growth of positive kurtosis and gradual destruction
of the vortex through repeated filamentation of the elongated
vortex. ME11 used a value of κ = −0.6 as a convenient threshold
that identifies the onset of vortex-splitting events accurately. In
the present case, the effect of spherical geometry appears to reduce
this threshold to a value of approximately −0.4.
Again, it is not possible to follow the parameter dependence
accurately beyond the time of vortex splitting (the vortex loses
area and hence circulation during this process). Nonetheless, there
is some evidence of oscillatory behaviour at forcing amplitudes
above the threshold As . An example is shown in Figure 10 at times
beyond the first vortex split. The first vortex split (not shown)
occurs at t = 371 days, after which the two lobes recombine and
undergo a second split at t = 379 days, shown in (a). Over the
next eight days, the vortex undergoes two further recombinations
and splits a third and fourth time. The dynamics during this time
is highly transient and nonlinear: with each splitting and recombination, the vortex becomes progressively more distorted and
eventually loses its integrity. However, an underlying large-scale
pattern is clearly discernible from the figure, consisting of periodic
elongation and contraction of the vortex as it rotates clockwise
c 2015 Royal Meteorological Society
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Figure 6. ρ , θ/90◦ , 10κ for cp = −0.03.

at an approximately steady rate. We postulate the existence of
an unstable periodic orbit of the system, proper identification of
which is impossible using a time integration method but which
nonetheless the full dynamics follows for a short interval. At
larger negative cp , the vortex following the initial split at As does
not recover and loses area rapidly, as can be seen in Figure 2(d).
A final regime may be identified in the narrow interval cp ∈
[−0.07, −0, 064] and A(t)/H ∈ [0.06, 0.12]. The excess kurtosis
in this regime remains negative (see Figure 2) and the regime
appears closely related to the vortex-splitting regime. The vortex
undergoes an approximately uniform anticlockwise rotation,
while the aspect ratio increases and decreases periodically.
The overall form of the evolution (not shown) bears a close
resemblance to that shown in Figure 10, except that the vortex
does not split. The excess kurtosis stays above about −0.2 and
reaches its most negative when the axis is aligned in the 0–180◦
direction, similar to the splitting case. We note that this regime
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 7. ρ , θ/90◦ , 10κ for cp = −0.05.

Figure 9. cp = −0.08, t = 504, 505, 506, and 507 days (a–d, respectively).

(a)

to 1000 days. The lines should be compared with the top line
in Figure 6, with Asat /H = 0.01 corresponding to t = 40 and
Asat = 0.04 to t = 160. At Asat /H = 0.01, the vortex reaches a
steady state with aspect ratio ρ = 1.2, very close to the value
at the corresponding time in Figure 6. At Asat /H = 0.015, the
stationary regime consists of very regular oscillations with aspect
ratio varying between 1 and just over 2 and a period of about
25 days, again similar to the quasi-stationary regime found above.
In the quasi-stationary case, the oscillating regime commences
just after the corresponding time of t = 60; a delay should be
expected as the system adjusts to increasing forcing values over a
finite time. At larger values of Asat , the period of the oscillations
decreases, as predicted by the quasi-stationary experiments. A
minimum in the oscillation amplitude appears at Asat /H = 0.03,
which turns out to be sensitive to details of how the oscillating
state is approached: when the time dependence of the forcing
prior to saturation is reduced by half, the minimum moves and
becomes less pronounced, indicating that the transient increase
is still influencing details of the evolution. The rate of increase of
forcing amplitude used in the quasi-stationary integrations is too
fast to capture the finer scale structure of the oscillating regime
in either case. However, in all cases the reduction in oscillation
period with increasing forcing amplitude appears to be robust.
In the rotating regime, we carried out a series of integrations
with cp = −0.068 and Asat /H between 0.06 and 0.11. In all cases,
a rotating regime similar to those found above is obtained and
persists for several periods after the forcing amplitude reaches its
final value. The longer time evolution in these cases, however,
is unclear. It is obscured by the fact that substantial irreversible
mixing of the basic state potential vorticity takes place during
these cycles. At the polar vortex edge, erosion gradually reduces
the vortex area. Additional mixing takes place at the Equator
between the surf zone and Southern Hemispheric regions and
leads to changes in the zonal mean zonal velocity throughout the
surf zone. On the order of 100 days after the forcing amplitude
saturates, the rotating regime gives way to an oscillating one
similar to that found at smaller negative cp . Changes of the vortex
area over this time are of the order of 10%. However, we are
unable to discern whether the change in regime from rotating to
oscillating is due to the area change of the vortex, other changes
in the basic state or the possibility that the rotating regime may
not be a true stationary regime. Nonetheless, since the rotating
regime appears to persist robustly on seasonal time-scales, it may
nevertheless have dynamical significance.

(b)

Figure 8. (a) cp = −0.03, t = 540; (b) cp = −0.05, t = 520.

is qualitatively different from the ‘ACW’ regime of ME11, in
which the vortex remains almost exactly elliptical with near-zero
excess kurtosis (see the lower panel of figure 1 in ME11). Loosely
speaking, the rotating regime obtained here can be regarded as a
‘failed split’, in which the vortex pinches but then recovers and
continues to swing round in an anticlockwise direction. Although
interesting, the regime does not appear to persist at finite values
of deformation radius (see section 5) and for this reason we do
not analyze it further here.
4. Validation of quasi-stationary regimes
We now consider the extent to which the quasi-stationary
regimes identified above represent true stationary regimes. As
examples, we consider points in the steady, oscillating and
rotating regimes, since splitting and filamenting states are unable
to persist over significant time intervals. For a given value of cp , we
perform several integrations where the forcing is at first linearly
increasing, as before, but is then held fixed when it reaches a given
saturation amplitude Asat . The integration is then continued in
time with this constant forcing amplitude until t = 1000 days.
We compare the regimes thus obtained with the corresponding
quasi-stationary regimes examined in the previous section and
ask, in particular, whether the dependences on forcing amplitude
observed above are a reasonable approximation to those obtained
in the saturated integrations.
The results of seven integrations with cp = −0.03 and Asat /H
ranging from 0.01 and 0.04 are shown in Figure 11. For brevity,
we present only the aspect ratio and the time period from 600
c 2015 Royal Meteorological Society
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Figure 10. cp = −0.072, t = 379, 380, 381, 382, 383, 384, 385, 386 days (a–h, respectively).
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Figure 11. ρ , for cp = −0.03 and forcing amplitude saturating at Asat /H = 0.01,
0.015, 0.02, 0.025, 0.03, 0.035 and 0.04 (ascending lines). Successive lines are offset
by a unit length in the ordinate.

We conclude that, although the quasi-stationary approach
misses some fine-scale structure of the regimes, it nevertheless
provides a good representation of the overall parameter
dependence.
5. Influence of divergent motions
The series of integrations discussed in section 4 were repeated
using a mean layer depth of H = 10 000, giving a radius of
deformation similar to that of the Lamb mode relevant to the
Earth’s stratosphere. The results are summarized in Figure 12,
which shows the same moment-based diagnostics as in Figure 2.
It can be seen that the topology of the regime map is the same
as for the case of infinite deformation radius, with the exception
that the rotating regime is no longer present. Oscillating states
again exist above a parabolic shaped boundary A1 and give
c 2015 Royal Meteorological Society


way to filamenting states, characterized by negative kurtosis,
at higher forcing amplitudes. The filamentation boundary A2
has a stronger dependence on cp than previously. At larger
negative cp , steady states give way to vortex splitting along an
approximately linear boundary As , as before, but rising more
steeply to higher A/H as cp becomes more negative. The separation
between As and A1 occurs at approximately the same value of
cp . The vortex area indicates that the vortex tends to be more
markedly destroyed following both splitting and filamentation
than previously (compare Figures 2(d) and 12(d)).
The orientation of the vortex during steady and oscillating
states is broadly as before. The vortex is steady with major
axis along the 90–270◦ direction; it oscillates about the 0–180◦
direction. At the boundary As , however, the vortex rotates about
a smaller angle before splitting, with the result that the lobes
are aligned approximately along the 45–225◦ direction. The
smaller angle is consistent with the known properties of quasigeostrophic elliptical patches, where rotation rate decreases with
increasing deformation radius (e.g. Nycander et al., 1993). The
reduced rotation rate is the most obvious explanation of why the
rotating regime is absent in this case. Aside from the rotation,
however, the morphology of the vortex splitting is similar to that
obtained previously. An example is shown in Figure 13 for the
case cp = 0.70.
Finally, a counterpart of the repeated splitting regime is again
found just above the right-hand portion of As . The oscillations
appear more regular and persist over a longer time interval than
previously. Aspect ratio, orientation and kurtosis are plotted in
Figure 14 for the case cp = 0.66. The initial vortex split at t = 346
is followed by two more at approximately 18 day intervals and by
several more at approximately 9 day intervals. Eventually, about
60–70 days after the initial splitting, the vortex loses its integrity
and the regime is lost. A separate integration where the forcing
was levelled off at t = 330, similar to those reported in section 5,
revealed well-defined but irregular oscillations persisting for about
100 days before breaking down (not shown).
6. Thermal relaxation
Finally, we consider how relaxation of the height field alters the
regimes discussed above. This may be considered as a simple
representation of long-wave cooling in the stratosphere (Held
and Phillips, 1990). Because cooling rates vary substantially in the
vertical in a way that cannot be captured in a single-layer model, we
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 12. As Figure 2, but for the case H = 10 000 m.

perform only a rudimentary investigation, taking a single value of
relaxation rate representative of mid-stratospheric cooling rates.
The series of integrations discussed in section 4 were first repeated
using a mean layer depth of H = 10 000, α = 1/20 days and he
in (1c) equal to its value at t = 0, i.e. the mean flow is relaxed
back to its initial state and waves are damped to 0.
Because of the damping on the waves and mean flow, the
height relaxation enables the model to capture a simple residual
circulation (Thuburn and Langneau, 1999); the vertical velocity
arises through the mass source or sink due to the right-hand
side of (1c). Angular momentum transport by the latitudinal
component of the residual circulation corresponds to mean
flow changes induced by the damping. Damping through height
relaxation is generally larger than small-scale dissipation due to
wave breaking, particularly in the oscillating regimes where wave
breaking is essentially negligible. Thus, more substantial mean
flow changes now occur, even when the polar vortex remains
substantially intact, and the context in which we can consider the
simple regime diagram above becomes more limited.
The same moment diagnostics as considered above are shown
in Figure 15. Despite the mean flow changes now possible, the
basic regime diagram is similar in structure to the corresponding
adiabatic case, Figure 12. The boundaries A1 , A2 and As are all
c 2015 Royal Meteorological Society


(a)

(b)

Figure 13. cp = −0.07, (a) t = 430 days and (b) t = 431 days for the case
H = 10 000 m.

preserved, albeit their shapes are distorted from previously. The
dislocation between A1 and As also remains.
The biggest difference between Figures 12 and 15 lies in the
position of the boundaries As and A2 , both of which occur at
lower forcing amplitudes in the thermally relaxed case. At first
sight, this might seem surprising. The thermal relaxation acts
both to restore the vortex to its initial value and to damp wave
amplitudes on the vortex edge; it might therefore be expected to
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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in a wide zone across the Tropics and the development of strong
easterly winds, a feature observed previously in shallow-water
modelling of perpetual winter conditions (e.g. Rong and Waugh,
2004). These persistent mean flow changes make the study of
persistent vacillating states in the shallow-water system difficult
without the representation of additional physical processes in
(1a)–(1c). For the purposes of understanding dynamical effects
on seasonal timescales, they may be relatively unimportant.

5

4

3

α

7. Summary and conclusions

2

1

0

−1
320

2953

θ / 90°
κ

340

360

t

380

400

420

Figure 14. ρ , θ/90◦ , κ for cp = −0.066 for the case H = 10 000 m.

preserve the vortex and delay the time at which it is broken down
by strong wave motions. The resolution lies in consideration of
the zonal mean flow. As discussed, thermal relaxation permits
stronger changes to the mean flow than is otherwise possible.
Mean flow changes are such that zonal flow at the vortex edge
weakens more rapidly in the case with thermal relaxation than
that without. The zonal mean flow speeds at the vortex edge
just beneath the boundaries As and A2 (in a frame of reference
moving with the topographic forcing) are similar between the
two cases, despite the fact that the boundaries occur earlier in the
relaxed case. This suggests that the vortex wind speed relative to
the forcing plays a controlling role in the onset of vortex-splitting
events and is consistent with the idea of excitation of a resonant
mode.
As mentioned, the single-layer representation considered here
cannot capture the considerable vertical variation in actual
stratospheric radiative time-scales. To check that the qualitative
conclusions obtained from Figure 15 are insensitive to the
particular value chosen for κ , we conducted additional sets
of experiments with values double and half that used above, i.e.
relaxation rates of 10 and 40 days. These may be considered
as more appropriate time-scales for the upper and lower
stratosphere, respectively. The results of these experiments (not
shown) did not differ substantially from those of κ = 0.05,
although the boundaries As and A2 showed a small systematic
lowering with increasing κ . While some caution is required
in drawing inferences about the height-dependent system, the
results do suggest that the vertical variation in relaxation rate
in the actual stratosphere may have a relatively minor influence
on the likelihood of sudden warming in a given dynamical
configuration.
In principle, relaxation of the basic state towards its initial value
permits the consideration of true stationary states at large forcing
amplitudes, where mean flow deceleration by waves is balanced
by the restoring effects of relaxation. In Figure 15, a suggestion of
quasi-periodic vacillating states is visible across a broad range of cp
values. Inspection of individual cases reveals a range of behaviour,
in which the vortex returns to an undisturbed state that persists
for relatively long intervals before breaking up again. However,
changes to the mean flow must again be taken into consideration.
As evident from Figure 15(d), the vortex area during these
regimes is reduced substantially from its initial value. The ability
for comparison with the adiabatic situation of section 6 is thus
limited. Moreover, mean flow changes away from the vortex
are also significant. Wave damping at low latitudes and in the
opposite hemisphere results in persistent mean flow deceleration
c 2015 Royal Meteorological Society


This article has extended previous work examining the onset
of the barotropic sudden warming to include the effects of
spherical geometry, ageostrophic motions and thermal relaxation.
As in previous studies, the behaviour is controlled by two main
parameters, the topographic forcing amplitude and the forcing
frequency, the second of which may alternatively be considered
as a parameter controlling the strength of the polar vortex. In
all cases, there remains a clear partition of parameter space into
distinct dynamical regimes. In particular, the vortex-splitting
sudden warming occurs in all cases for negative cp above a critical
threshold and at increasing forcing amplitude at progressively
higher negative cp . The pattern is consistent with the self-tuning
resonance of Plumb (1981) and is discussed in Esler and Scott
(2005), where the critical cp is close to the resonant frequency
of the vortex. At negative cp above the resonant value, waveinduced deceleration of the vortex brings the vortex closer to
resonance; the further cp is from the resonant value, the greater
the deceleration required before resonance can occur and the
greater the required forcing amplitudes.
The work reported here has made use of a quasi-stationary
approximation, in which the forcing amplitude increases slowly
and linearly in time. Each integration thus sweeps out a line
in parameter space. One advantage of this method over the
traditional approach is the removal of transient effects. To achieve
a stationary state in a finite-time calculation, it is necessary both
to specify an initial vortex shape (typically circular) and to define
a switch-on time-scale for the forcing. Both are to some extent
arbitrary. In the current framework, these choices are removed
and replaced by the single stipulation that the vortex regime
at any given forcing amplitude evolves from a nearby regime.
This may be argued to be more relevant to the evolution of the
winter stratosphere, where the polar vortex has time to adjust
to slowly varying forcing. The results of integrations where the
forcing was levelled off at a particular amplitude indicate that the
quasi-stationary interpretation in general successfully captures
the correct vortex regime at a particular point in parameter space.
Practically, this different approach leads to one main difference
from the parameter-space investigation of ME11, namely the
disappearance of the clockwise and anticlockwise rotating states
obtained in that study at high and low values of the surf-zone
parameter (equivalent to negative cp here). This can be understood
in terms of the Kida vortex, for which there is a range of initial
vortex aspect ratios, including the circular one considered by
ME11, that give rotating states provided that the orientation is
not coincident with the strain axis. The nature of the rotation
depends non-trivially on the initial condition, but it is always
possible, for a given aspect ratio, to orient an elliptic vortex
in such a way that the rotation disappears. When the aspect
ratio increases slowly, as it does in our case, the vortex tends to
align along this axis and the evolution sweeps out a family of
quasi-steady states similar to those described above. To the extent
that the forcing in the winter stratosphere is slowly varying, the
quasi-steady regime is arguably the more relevant one.
Aside from this small difference, the regime diagrams obtained
here and those reported in ME11 are broadly similar in character,
in particular as regards the location of the boundary As indicating
the onset of the vortex split and the more gradual transition at A2
indicating the onset of filamentation. See figure 2(a) of ME11 and
compare this with Figure 3, noting that the negative surf-zone
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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Figure 15. As Figure 2, but for the case H = 10 000 m and a relaxation at rate 1/20 days to the initial height field.

parameter in ME11 corresponds to positive cp here (thus the
pictures are mirrored left-to-right). In particular, the steepening
of the boundary As at finite deformation radius (Figure 12) was
also noted by ME11 (figure 3(a) and (b) therein). One subtle
difference between our regime diagrams and those of ME11 is
that the dislocation between the boundaries A2 and As does not
appear to be present in ME11.
The regime diagram essentially survives the addition of thermal
relaxation, albeit with additional distortion to the shapes of the
transition boundaries. These may be linked to enhanced mean
flow changes resulting from the additional wave damping. The
changes are largely insensitive to the damping rates across the
range of values typical of the winter stratosphere.
We close with some remarks that may be useful for interpreting
the observed stratospheric evolution, in particular the concept
of vortex preconditioning, in relation to the regime diagrams
described above. The idea that sudden warming events may be
more likely to occur when the vortex has undergone a prior period
of preconditioning is well-established (e.g. Butchart et al., 1982;
McIntyre, 1982). The question we pose here is whether such
preconditioning can be interpreted as the vortex approaching
the boundary As from below until the point that the self-tuning
resonant excitation takes hold, without further increase in the
forcing amplitude A. To simplify the discussion, we consider
vortex preconditioning as being represented by three main types:
c 2015 Royal Meteorological Society


(i) in which the vortex intensity is reduced; (ii) in which the vortex
area or circulation is reduced; and (iii) in which the potential
vorticity gradient at the vortex edge is increased. (The single-layer
nature of our study prevents us from considering preconditioning
that involves a vertical alignment of the vortex.) Type (i) may be
thought of as directly analogous to changes to our parameter cp :
increasingly negative cp corresponds to a stronger vortex in the
topographically fixed reference frame. Thus, in this simplest case,
preconditioning as a weakening of the vortex may be thought of
as moving to the right in the regime diagram from a position
initially to the left of the curve As (again, without changing A).
For types (ii) and (iii), it becomes necessary to expand the
parameter space beyond the two-dimensional (A, cp ) space considered above. In the case of (ii), for example, in which the vortex
area is reduced, say, by wave breaking at the vortex edge mixing
polar air into the surrounding surf zone, it becomes necessary to
consider additional regime diagrams with initial basic states constructed with varying vortex areas. Preconditioning in this case
would consist of moving from one regime diagram to a neighbouring one constructed for the basic state with smaller vortex
area. Similarly, case (iii) could be considered using a series of
initial basic states of varying vortex edge gradient (e.g. Scott et al.,
2004a); in this case, the experiments described above would correspond to the completely preconditioned state, in which the vortex
Q. J. R. Meteorol. Soc. 141: 2944–2955 (2015)
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very minor numerical noise has developed into a significant
synoptic-scale perturbation.
To avoid this, it suffices to smooth the original discontinuity
over a distance of a few grid points. This was done here by
convolving (2) with a Gaussian kernel:
1
q̃0 (μ) = √
2πδ
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Figure A1. (a) q0 (φ ); (b–d) potential vorticity for the case cp = −0.04 at t = 40,
80, and 120 days, respectively.

edge has steepened completely into a step. It remains an interesting question as to whether observations of stratospheric evolution
prior to actual vortex-splitting events might thus be interpreted
as shifts towards a suitably extended boundary As in this way.
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Appendix: Spurious instability of a vortex patch
The potential vorticity profile given by (2) has discontinuities
at φ = 0◦ and φ = 60◦ . As is well known, the representation
of such discontinuities by a finite sum of harmonic modes
leads to oscillatory overshoots, so-called Gibb’s fringes. The
representation of (2) at the spectral truncation of T170 used here
is shown in Figure A1(a). The overshoots are small and do not
appear at all in the velocity field, which is continuous; moreover,
they may be expected to be smoothed to some extent by the action
of small-scale hyperdiffusion. Nonetheless, they persist at later
times and eventually result in spurious dynamical behaviour.
Specifically, the implied reversal of the potential vorticity
gradient on either side of the discontinuity results in a basic state
that is shear-unstable to edge modes. As an example, we show
in Figure A1(b)–(d) the evolution for the case cp = −0.04 at
times t = 40, 80 and 120 days. The instability begins just before
t = 40 with the growth of a wave-6 pattern on the vortex edge.
The wave development is such as to mix the potential vorticity
advectively into a profile that is monotonic in latitude, which it
does in narrow cats-eye regions on the flanks of the vortex edge.
Long after the basic state has thus been rendered stable, however,
the wave-6 pattern persists. Eventually it begins to interact with
the topographically forced wave number 2 and at t = 120 days a
strong wave-4 pattern has developed. Thus, what at first appeared
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μ

2 /2δ 2

q0 (μ )e(μ−μ )

dμ ,

(A1)

where μ = sin φ and the smoothing width δ was chosen to have
a value of 0.01. This was found to be sufficient to remove
the overshoots in the spectral representation of the initial
condition and eliminate the subsequent wave-6 growth, while
retaining a well-defined vortex edge. The resulting vortex shape at
t = 120 days for the case cp = −0.04 just considered was shown
in Figure 4(b) and is very close to an ellipse. The same smoothing
was applied in all integrations discussed in the main body of
the article. It is perhaps reassuring that the stability boundaries
reported here were, in fact, relatively insensitive to the level of
smoothing applied, or indeed whether smoothing was applied
at all.
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