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Quasigeostrophic annular flows, vortices and waves
on a beta cone
Ziv Kizner1,2 and Michael Rabinovich1
1

Department of Physics, Bar-Ilan University, Ramat-Gan 5290002, Israel (ziv.kizner@gmail.com)
2
Department of Mathematics, Bar-Ilan University, Ramat-Gan 5290002, Israel

We consider two-dimensional quasigeostrophic annular flows around a circular island with a
radial offshore bottom slope. Since the conical bottom topography causes a certain beta effect,
by analogy with the conventional beta plane we term our model a beta cone (Rabinovich et al.
2018). Our focus is on the flows composed of two concentric, uniform potential-vorticity (PV)
rings attached to the island; the total circulation of the flow is assumed to be zero. We first
analyze the linear stability of such flows on a beta cone, and then study numerically the
nonlinear evolution of unstable flows, production of vortices and Rossby waves due to the
instability, and the interaction between the emerging vortices. The non-dimensional governing
parameters are β (associated with the steepness of the bottom slope) taken negative for an island
in the northern hemisphere, the PV in the inner ring and the radii of the inner and outer rings
in the basic flow. On the beta cone, unlike the flat-bottom flows, a perturbation imposed on the
outer contour bounding the uniform-PV rings will necessarily induce a PV perturbation in the
exterior region. This makes the eigenvalue equation transcendental. The perturbations
developing at the two liquid boundaries of the rings and in the exterior region may be viewed
as Rossby waves. The phase locking between the three waves is what causes the perturbation
growth at the linear stage. At a later, nonlinear stage, emergence of vortex structures is
generally observed.
As in the flat-bottom case (Kizner et al. 2013), the instability at a reasonably small β normally
leads to the emission of m dipoles, where m ≥ 2 is the number of the most unstable azimuthal
mode. However, a fundamental difference between the flat-bottom and beta-cone cases is
observed in the trajectories of the dipoles as the latter recede from the island (Rabinovich et al.
2019). When the flow is initially counterclockwise, the conical beta effect forces the dipoles to
make a complete turn, come back to the island, and rearrange in new couples that leave the
island again. The quasi-periodic process, which includes the encounter of dipoles with the rigid
wall, exchange of partners and departure from the island, gradually fades due to filamentation
and wave radiation. If the initial flow is clockwise, the emerged dipoles usually disintegrate,
but sometimes the m dipoles settle down symmetrically on a circular orbit that envelopes the
island, while moving counterclockwise. This behavior is reminiscent of the adaptation of
strongly tilted beta-plane modons (dipoles) to the eastward movement.
At a moderate β, the evolution of an unstable flow, which initially is clockwise, may end up in
the formation of a counterclockwise flow. At a somewhat higher β, a clockwise flow may
transform into a quasi-stationary vortex multipole. When β is sufficiently high, a considerable
effect on the evolution of the flow have the topographic Rossby waves developing outside of
the PV rings. The waves can smooth away the instability crests and troughs at the outer edge
of the main flow, thus preventing the vortex production, but allowing the formation of a new
quasi-stationary pattern, a doubly connected coherent PV structure possessing m-fold
symmetry.
1
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On the coalescence of anticyclones in stratified rotating flows
Patrice Le Gal1 , Arturo Orozco Estrada2 , Raùl Cruz Gomez2 , Anne Cros2
1 Aix-Marseille Univ, CNRS, Centrale Marseille, IRPHE, France
2 Departamento de Fı̀sica, CUCEI , Universidad de Guadalajara, Guadalajara, Mexico

Oceanic meso-scale lenticular vortices play an important role in the redistribution of momentum, heat, salt, nutrients and plankton in oceans and thus contribute to the climate equilibrium and ecological diversity on Earth. These vortices are governed by geostrophic and
hydrostatic balances between pressure gradients, Coriolis and buoyancy forces from where
they get their shape and aspect ratio [1, 2]. Their motions lead to a quasi-2D balanced
dynamics that gives rise to quasi-geostrophic turbulence. Understanding the way energy
escapes from this mesoscopic turbulence to feed the smallest oceanic scales where dissipation
occurs, is the subject of an intense research. Among several different routes to dissipation,
the emission of internal gravity waves has been evoked to be a possible conveyor of energy
redistribution [3]. On another hand, vortex pairing events are observed in oceans [4] where
they participate to the complex dynamics of the mesoscopic turbulence. The aim of the
present study is to describe and parametrize the merging of two lenticular anticyclones by
means of stratified flow experiments performed on a rotating table. For this purpose, we generate pairs of anticyclonic vortices by the gentle injection of a small volume of water inside a
continuously stably stratified rotating layer in a similar way that Griffiths and Hopfinger [5]
did thirty years ago but for a two layer system. Figure 1 presents an example of a sequence
of such a merging. To our knowledge, this problem has never been revisited experimentally
for the case of lenticular vortices imbedded in a continuously stratified layer.

Figure 1: Temporal sequence of the merging of a pair of anticyclones for a Coriolis frequency
f = 1.57 rad/s, a buoyancy frequency N = 3.3 rad/s and an initial separation d0 = 8 cm.

Aside from describing the different regimes that lead or not to the coalescence of the pairs,
in particular the determination of the critical initial separation distance as it has been done
numerically using QG models [6] or non QG models at finite Rossby numbers [7], the final goal
of this research will be to quantify the amount of ageostrophic energy loss when two lenticular
vortices are coalescing. Indeed, during the transient time of their merging, the dipolar
unbalanced structure that forms radiate away internal gravity waves as already observed in
numerical simulations [8, 7]. Figure 2 presents the temporal Fourier spectrum of a time series
recorded in a point in one of our PIV velocity fields. The low frequency peaks correspond
1

to the different modes associated with the vortex pairing while a clear wave packet inside
the authorized band between the buoyancy frequency N and the Coriolis frequency f is
associated with the generation of internal gravity waves during the pairing process.

Figure 2: Temporal Fourier spectrum in one point of the PIV velocity field and the typical
spatial structures of the corresponding modes involved during the vortex pairing together
with snapshots of the internal gravity waves emitted in their authorized spectral band.
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On the interaction of shielded vortices with smaller-scale randomly forced flow
G. G. Sutyrin1, 2, T. Radko2
1

Graduate School of Oceanography, University of Rhode Island, Narragansett, RI 02882 USA.

2

Department of Oceanography, Graduate School of Engineering and Applied Sciences, Naval
Postgraduate School, Monterey, CA 93943, USA.
Corresponding author: Georgi Sutyrin (gsutyrin@uri.edu)

The existence of long-lived, isolated vortical structures is a fundamental feature of twodimensional (2D) flows. The emergence and growth of strong vortices in 2D randomly forced
flows has been realized in numerous simulations and laboratory experiments (see review by
Boffetta and Ecke, 2012). These coherent vortices are known to influence – and in some cases
even control – the distribution and transfer of energy across scales (Fontane et al. 2013).
Numerous previous studies, motivated by the seminal theories of two-dimensional turbulence,
focused on the statistical aspects of the cascades of energy and enstrophy. The approach to the
problem of emergence and maintenance of large-scale coherent structures adopted in the present
study is considerable different. Here we consider the evolution of a large-amplitude monopolar
vortex imbedded in a randomly generated smaller-scale eddy field. This evolution is controlled
by the interplay between the large- and small-scale flow field components. The primary vortex
modifies the irregular small-scale eddies produced by random forcing, which, in turn, triggers
their systematic positive feedback on the large-scale vortex. We demonstrate that the effects of
this interaction could be profound, particularly in the peripheral region of the primary vortex,
increasing its rotation rate and leading to the lateral spreading.
The evolution of a shielded vortex embedded in the field of smaller-scale randomly forced
vorticity is examined using fully nonlinear two-dimensional simulations at large Reynolds
numbers. Such vortex is considered to be compact if its angular momentum decreases with the
radius on the scale comparable to the radius of maximum azimuthal velocity (examples are
described by Sutyrin 2019). Without forcing, the vortex remains compact despite its viscous
spreading. This scenario dramatically changes in the strong forcing regime, characterized by the
substantial growth of velocity at the vortex periphery and, ultimately, to its transformation into a
non-compact structure.
Examples in Figure 1 show substantial vortex intensification in spite of viscous decay, especially
at the vortex periphery. The growth of the angular momentum indicates that the vortex becomes
less compact while the amplitude of axisymmetric opposite-sign vorticity gradually decays in the
peripheral annulus due to the smaller-scale turbulent stirring, supported by random forcing.
The analysis of a series of high-resolution simulations made it possible to formulate explicit
scaling laws for the enstrophy and angular momentum redistribution, which are valid for a wide
range of the viscosity coefficients and forcing amplitudes. The results reported in this
presentation have important implications for better understanding the fate of vortices and
physical mechanisms of energy transfer. In particular, these findings may rationalize remarkable
longevity of some coherent vortices in the ocean that are known to persist for periods of two

years and more (Chelton et al. 2011). At the same time, the presented analysis adds to
understanding of the dynamics of 2D turbulence and the associated upscale cascade by
presenting a mechanistic view of the amplification and spreading of large-scale structures.

Figure 1. Radial profiles of azimuthal velocity (upper panels) and angular momentum (lower
panels) for 100 turnover times (left panels) and 200 turnover times (right panels) are shown by
brown lines. The thin lines show initial profiles, while the black lines show the profiles due to
only viscous effects.
Support of the National Science Foundation (grant OCE 1828843) is gratefully acknowledged.
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Equilibria, linear stability and nonlinear evolution of
two asymmetric vortex patches
M. M. Jalali1 and D. G. Dritschel1
1

School of Mathematics and Statistics, University of St Andrews, St Andrews, KY16 9SS, UK

Rotating stratified geophysical flows are studied numerically to analyse the interaction between two
asymmetric quasi-geostrophic vortex patches with same direction of rotation. To date, no comprehensive
examination has yet been carried out over the parameter space spanned by the inverse Rossby deformation
length γ, the gap between the innermost edges of the vortices δ, area ratio α and the potential vorticity
(PV) ratio — even for vortex patches. Families of equilibria consisting of co-rotating vortices spanned
by their separation distance are obtained. Next, their linear stability is examined to identify the critical
separation within which a strong vortex interaction may take place. It is concluded that the margin of
(linear) stability generally coincides with the first minimum in the angular impulse J when decreasing
δ from ∞. This allows one to efficiently map out the conditions at marginal stability, not only the
critical gap δc within which all equilibria are linearly unstable, but also the vortex centroid separation
x̄2 − x̄1 , minimum angular impulse and rotation rate Ω. The nonlinear dynamics was then studied using
an efficient contour dynamics method. This enables a classification of the outcome of different kinds of
instabilities. Moreover, we address the more challenging problem of two eddies having opposite signs of
rotation (dipoles). Such vortices are important since they are primarily responsible for transport in the
oceans, for example. Challenges due to the enhanced difficulty of identifying equilibrium states are noted.
State-of-the-art nonlinear simulations of the evolution of unstable equilibria are used to understand the
long-term fate of the instabilities. Frequently, the two vortices break up into multiple smaller vortices,
e.g. pairs of dipoles and more complex structures. A new pattern of instability referred to as ‘exchange
of partner’ is identified.
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Data-driven parameterisation of sub-grid dynamics in coarse-grid
ocean flow models
Eugene Ryzhov1 , Dmitri Kondrashov2 , Pavel Berloff1
(1) Imperial College London, London, UK
(2) University of California, Los Angeles, United States
Solving numerically nonlinear equations governing the evolution of oceanic flows poses a challenging
problem because the solution is critically sensitive to the spatial resolutions used. If the resolution
is rather coarse, the numerical solution in fact lacks the dynamics produced by unresolved sub-grid
processes. Since the equations are strongly nonlinear the unresolved processes might actually significantly
alter the resolved processes. Therefore, it is of great importance, if not to resolve all the processes at
every scale, but at least to understand their net impact on the processes the model is capable of resolving.
This problem has attracted much attention especially in the ocean modelling community since it is now
generally recognised that mesoscale dynamics, partially attributed to the impact of many vortices, is
key for correctly resolving larger dynamical scales, such as large gyres and jets. This implies that if a
coarse-resolution model does not actually resolve such small-scale sub-grid dynamics, its capability in
modelling large-scale dynamics comes into question as well.
Different approaches to amend the problem of the unresolved scales have been introduced and utilised.
There are two main approaches: deterministic and stochastic ones. The former aims at offering a
dynamical interpretation of the unresolved scales and hence introducing correction terms to the governing
equations with a clear physical meaning. The main problem with this approach is that it is virtually
impossible to account for all the important physical processes in isolation, and moreover, actual dynamical
interactions between these parametrised processes are so diverse and entangled that attempts to unravel
all of them seem unjustified. On the other hand, the stochastic approach introduces random perturbations
to the large-scale governing equations. Distribution laws of the random perturbations vary for different
problems and may include complicated memory-effects (stochastic effects of various correlation radii)
in time and space. To establish distributions laws characteristic of a given problem, one may resort
to using a data-driven approach, namely, analysing a priori given data in order to infer spatial and
temporal correlations in the problem in question and then augment the corresponding prognostic model
with the inferred statistical information. The a priori given data may come from different sources, e.g.
from high-resolution runs of the analogous model or from observations.
In this work, an approach to parameterise the effect of small-scale oceanic dynamics (e.g. induced by
interacting vortices) on the large-scale components in a low-resolution oceanic flow model is presented.
The parameterisation comes in the form of a forcing term added to the low-resolution model. The
forcing term features information inferred statistically from the corresponding high-resolution model
and represents relative contributions of small-scale features to the dynamics produced by the highresolution model. Adding this statistical information into the low-resolution model significantly improve
the outcome of the low-resolution model in that it starts resembling the high-resolution model’s outcomes
in reproducing its idiosyncratic geometrical structure otherwise lacking in the low-resolution solution.
The governing equations for the oceanic flow is the two-dimensional quasi-geostrophic potentialvorticity equations for three stacked isopycnal layers (i = 1..3 from surface to bottom) of constant
density ρi and height Hi
qi + J(ψi , qi ) + β

W (x, y)
∂ψi
=
δ1i − γ∆ψi δ3i + ν∆2 ψi
∂x
ρi Hi

(1)

that are forced by stationary asymmetric wind curl W (x, y) and q is potential vorticity, ψ is geostrophic
stream-function, J(·, ·) is Jacobian, β is the planetary vorticity gradient, δij is the Kronecker delta, γ
is the bottom friction and ν is the turbulent diffusivity, ∆ is the horizontal Laplacian. The potential
vorticity in each layer can be then inverted to give stream-functions,
q1 = ∆ψ1 + S1 (ψ2 − ψ1 ),

q2 = ∆ψ2 + S21 (ψ1 − ψ1 ) + S22 (ψ3 − ψ2 ),
q3 = ∆ψ3 + S3 (ψ2 − ψ3 ),

(2)

where the stratification parameters S1 , S21 , S22 , S3 are chosen to correspond to the first and second
baroclinic Rossby radii of deformation 40 km and 23 km, respectively.
1

Figure 1: The mean PV fields. (a) reference high-resolution solution; (b) low-resolution solution; (c)
augmented low-resolution solution. (d) an example of the forcing term field to add to the low-resolution
model.
The classic double-gyre flow is addressed as its dynamics is known to be heavily affected by the
multi-scale interactions. Given a relatively short dataset produced by a high-resolution run of the model
(1) that resolves all the necessary scales (e.g. mesoscale eddies) resulting in the correct coupling between
the transient features and large-scale components, we extract information relating to the coupling from
this dataset and augment the low-resolution model with this information. As a result, the augmented
low-resolution model demonstrates similar to the corresponding high-resolution model spectral characteristics. The geometric structure of the double-gyre flow in the augmented model solution now resembles
the high-resolution solution. The large-scale structure of the double-gyre flow featuring a persistent
eastward-jet barrier between the gyres, which is characteristic of the high-resolution model and absent
in the low-resolution model, is satisfactory restored in the augmented model. Figure 1 shows PV mean
fields for a high-resolution solution (featuring a prolific eastward jet extension), low-resolution solution
(no eastward jet extension), and augmented-low-resolution solution (an eastward jet extension occurs),
respectively. Figure 1d depicts one instance of the forcing field that is added to the low-resolution model
to increase its performance.
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Modelling freely decaying shallow water turbulence
with compatible finite element methods.
J. Shipton1 , B. Wingate2 , and C. J. Cotter1
1

Department of Mathematics, Imperial College London, South
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College of Engineering, Mathematics and Physical Sciences,
University of Exeter, North Park Road, Exeter, EX4 4QF
March 2019

We present results from recent compatible finite element simulations of
freely decaying shallow water turbulence on the f-plane and the rotating
sphere. Compatible finite element methods are a form of mixed finite element methods (meaning that different finite element spaces are used for
different fields) that allow the exact representation of the standard vector
calculus identities div-curl=0 and curl-grad=0. This necessitates the use of
div-conforming finite element spaces for velocity, such as Raviart-Thomas
or Brezzi-Douglas-Marini, and discontinuous finite element spaces for pressure. The development of these methods for numerical weather prediction
has been motivated by the parallel scalability bottleneck of the standard
latitude-longitude grid. Cotter and Shipton [2012] demonstrated that compatible finite element discretisations for the linear shallow water equations
satisfy the basic conservation, balance and wave propagation properties
listed in Staniforth and Thuburn [2012], without the restriction that the
grid is orthogonal. The linear equations dictate our choice of finite element
spaces; we then need to construct stable and accurate advection schemes to
solve the nonlinear equations. Shipton et al. [2018] demonstrate the success
of a potential vorticity based scheme for the standard spherical shallow water test cases from Williamson et al. [1992] and the barotropically unstable
jet from Galewsky et al. [2004]. Here we focus on a more challenging problem: freely decaying turbulence. In this situation, vortices form, interact,
and like-signed vortices merge. In the spherical case the flow evolves into
1

zonal bands. We repeat the f-plane simulations of [Polvani et al., 1994],
and similar simulations on the sphere, and investigate the effect of different
spatial and temporal discretisations on the properties of the flow.
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Velocity statistics for point vortices in the local α-models of turbulence
Giovanni Conti1, a) and Gualtiero Badin1, b)
Institute of Oceanography, Center for Earth System Research
and Sustainability (CEN), University of Hamburg, Hamburg,
Germany
The velocity fluctuations for point vortex models are studied for the α-turbulence
equations, which are characterized by a fractional Laplacian relation between active
scalar and the streamfunction. In particular, we focus on the local dynamics regime.
The local dynamics differ from the well-studied case of 2D turbulence as it allows to
consider the true thermodynamic limit, that is, to consider an infinite set of point
vortices on an infinite plane keeping the density of the vortices constant. The consequence of this limit is that the results obtained are independent on the number of
point vortices in the system. This limit is not defined for 2D turbulence. We show an
analytical form of the probability density distribution of the velocity fluctuations for
different degrees of locality. The central region of the distribution is not Gaussian,
in contrast to the case of 2D turbulence, but can be approximated with a Gaussian
function in the small velocity limit. The tails of the distribution exhibit a power law
behavior and self similarity in terms of the density variable. Due to the thermodynamic limit, both the Gaussian approximation for the core and the steepness of the
tails are independent on the number of point vortices, but depend on the α-model.
Since the exponent of the power law depends just on α, we test the power law approximation obtained with the point vortex approximation, by simulating full turbulent
fields for different values of α and we compute the correspondent probability density
distribution for the absolute value of the velocity field. These results suggest that the
local nature of the turbulent fluctuations in the ocean or in the atmosphere might be
deduced from the shape of the tails of the probability density functions. We also show
how it is possible to introduce a Gibbs measure in the context of the local α-models
without the need of a regularization parameter and how this measure is related to a
selective decay principle for this family of models.
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Uniformly distributed vortex models: elliptic (Kida vortex), ellipsoidal vortices in deformation
flows. Regular and chaotic dynamics
Olga V. Aleksandrova
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A brief review on quasi-geostrophic dynamics of an ellipsoidal vortex embedded in a deformation
flow in an infinitely deep rotating ocean with a constant buoyancy frequency is presented. The
deformation flow incorporates shear, strain and rotational components. Such flows are ubiquitous in
geophysical media, such as the ocean and atmosphere. They appear near isolated coherent structures
(vortices and jets) and various fixed obstacles (submerged obstacles, continental boundaries). Fluid
structures subject to such deformation flows may exhibit drastic changes in motion.
We consider a vortex with an ellipsoidal core with constant vorticity different from the background
vorticity value. The core is shown to move along with the flow simultaneously being deformed.
Regimes of the core’s behavior depend on the flow characteristics and the initial values of the vortex
parameters (the shape and the orientation relative to the flow). These regimes are (i) rotation, (ii)
oscillation about either of the two specific directions, and (iii) infinite horizontal elongation of the
core.

Fig. 1. Regimes of the
vortex core dynamics.

Fig. 2 Example of fluid Fig. 3 Marker distributions after 40
particle chaotic advection.
characteristic time steps out of evenly
distributed within the ellipsoid 6x103
markers for the case of non-stationary
vortex dynamics and added diffusion.



 x 2  y 2   exy  u0 y  v0 x where external rotation  is
2
normalized by the vortex vorticity. Figure 1 represents the diagram of the possible regimes of the
vortex core dynamics.
Given nonstationary periodic external flow, parametric instabilities of the vorticity center and of the
vortex dynamics near elliptic points occur. Moreover, the appearance of chaotic dynamics of the
vortex becomes possible.
Then we consider fluid particle advection induced by the vortex. It is worth recalling that the vortex
boundary in the ellipsoidal vortex model is impermeable and thus there is no exchange of fluid
particles between the vortex and its ambient fluid [1]. Due to this constraint chaotic advection of fluid
particles is possible only outside the vortex core. Figure 2 exemplifies fluid particle chaotic advection
demonstrated by means of a Poincare section. If we take into account the effect of the turbulent
diffusion, the fluid particles are allowed to jump between the vortex interior and its ambient fluid.
Taking into account the stirring properties of the ellipsoidal vortex model, it is of interest to assess the
joint contribution of deterministic stirring and diffusion to the net mixing of the model. Figure 3 shows
an example of passive marker distribution induced by chaotic advection and diffusion for markers
initially distributed inside the vortex core.
Finally, we assess the potential to determine the depth of the ellipsoidal core from its dynamical
imprints on the surface.
The deformation flow has the form  0 

Reference
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Evolution of a vortex in a stratified shear flow
Paul Billant∗ and Julien Bonnici∗
We investigate, theoretically and numerically, the dynamics of an initially vertical
vortex embedded in a shear flow in a stratified fluid (Fig. 1a). The main goal is to determine, whether or not, the Kelvin-Helmholtz instability can develop unconditionally
as speculated by Lilly1 .
The vortex is mostly advected in the direction of the ambient shear flow but also
perpendicularly owing to the self-induced motion. The decay of potential vorticity
is strongly enhanced in the regions of high shear. A long-wavelength asymptotic
analysis provides governing equations for the evolution of the angular velocity of the
vortex and the deformations of its axis. Its angular velocity decays because of viscous
effects and dynamic effects due to the conservation of potential vorticity. Internal
waves are also excited at the start-up of the motion leading to an initial transient
non-hydrostatic regime. The asymptotic predictions are in good agreement with the
numerical simulations. In particular, the evolutions of the vertical shear of horizontal
velocity (Fig. 1b) and of the vertical buoyancy gradient are well predicted. The growth
of the vertical shear saturates because of the decay of the vortex in the regions of
high ambient shear. For this reason, the asymptotic Richardson number never goes
below the critical value 1/4 necessary for the development of the shear instability.
The numerical simulations show that the shear instability is triggered only when the
vertical wavenumber of the shear multiplied by the Froude number is of order unity
or larger, i.e. beyond the range of validity of the long-wavelength analysis.
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Figure 1: (a) Sketch of the initial flow configuration. (b) Example of the time evolution of
the maximum vertical shear of the y-velocity v from the DNS (grey solid line) and predicted
from the asymptotics for finite Reynolds number (black solid line) and in the inviscid limit
(dashed line). The Froude and Reynolds numbers of the vortex are Fh = 0.1, Re = 6000
and the ambient shear flow is given by Us sin(kz z) with Us = 0.2 and kz = π.
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Vortex Disruption by Magnetic Flux Expulsion
D.W. Hughes, School of Mathematics, University of Leeds
A fundamental process in magnetohydrodynamics is that of flux expulsion, in which vortices
stretch out a weak, large-scale magnetic field to form strong current sheets on their edges.
Associated with these current sheets are magnetic stresses, which are subsequently
released through reconnection, leading to vortex disruption, and possibly even destruction.
We first develop a scaling argument to determine the strength of the (weak) large-scale
field that is needed to cause disruption. We then go on to examine in detail the various
steps in this argument with the help of high-resolution simulations of vortex disruption in
two dimensional MHD.
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Wave–vortex interactions, remote recoil, the
Aharonov–Bohm effect and the
Craik–Leibovich equation
Michael Edgeworth McIntyre1
1
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3 March 2019

Three of the simplest examples of non-dissipative yet cumulative interaction between a
wavetrain and a vortex are analysed, with a focus on effective recoil forces, local and
remote, illustrating the generic nature of remote recoil. All three examples comply with
the pseudomomentum rule. The first two examples are two-dimensional and non-rotating
(shallow water or gas dynamical), and the third is rotating, with deep-water gravity waves
inducing an Ursell–Hasselmann–Pollard “anti-Stokes flow”. The Froude or Mach number,
and the Rossby number in the third example, are assumed small. Remote recoil is all or
part of the interaction in all three examples, except in one special limiting case. That case
is found only within a severely restricted parameter regime and is the only case in which,
exceptionally, the effective recoil force can be regarded as purely local and identifiable
with the celebrated Craik–Leibovich vortex force – which corresponds, in the quantum
fluids literature, to the Iordanskii force due to a phonon current incident on a vortex.
Another peculiarity of that exceptional case is that the only significant wave refraction
effect is the Aharonov–Bohm topological phase jump.

Vortex dynamics with a twist
Jacques Vanneste
School of Mathematics and Maxwell Institute for Mathematical Sciences,
University of Edinburgh, Edinburgh EH9 3FD, UK
J.Vanneste@ed.ac.uk

We consider the dynamics of a two-dimensional incompressible perfect fluid
on a Möbius strip embedded in R3 . The vorticity-streamfunction formulation
of the Euler equations is readily derived using the language of exterior calculus.
The non-orientability of the Möbius strip and the distinction between forms and
pseudoforms this introduces lead to unfamiliar properties: there is no integral
conservation of vorticity (or of any odd function thereof), but a boundary condition for the vorticity inversion is provided by the conservation of circulation
along the single boundary. A finite-difference numerical implementation of the
governing equations is used to illustrate how well-known phenomena – the translation of vortices along boundaries, shear instability and decaying turbulence –
are affected by the non-orientability of the Möbius strip.

1

Optimal balance for geophysical flows and
spontaneous wave emission
Gökce Tuba Masur∗

Marcel Oliver†

March 15, 2019
We are proposing to give talks/posters (in any combination) on two recent
developments of optimal balance for geophysical fluid flows. This method
was first introduced by Viúdez and Dritschel (2004) in the context of PVbased numerics for nearly-balanced rotating fluids.
There are two separate subtopics.
Theoretical analysis of optimal balance
(Georg Gottwald, Haidar Mohamad, Marcel Oliver)
We analyze the method of optimal balance which was introduced by
Viúdez and Dritschel (J. Fluid Mech. 521, 2004, pp. 343–352) to provide
balanced initializations for two-dimensional and three-dimensional geophysical flows, here in the simpler context of a finite dimensional Hamiltonian
two-scale system with strong gyroscopic forces. It is well known that when
the potential is analytic, such systems have an approximate slow manifold
that is defined up to terms that are exponentially small with respect to the
scale separation parameter. The method of optimal balance relies on the
observation that the approximate slow manifold remains an adiabatic invariant under slow deformations of the nonlinear interactions. The method is
formulated as a boundary value problem for a homotopic deformation of the
system from a linear regime where the slow-fast splitting is known exactly,
and the full nonlinear regime. We show that, providing the ramp function
which defines the homotopy is of Gevrey class 2 and satisfies vanishing conditions to all orders at the temporal end points, the solution of the optimal
balance boundary value problem yields a point on the approximate slow
manifold that is exponentially close to the approximation to the slow manifold via exponential asymptotics, albeit with a smaller power of the small
parameter in the exponent. In general, the order of accuracy of optimal
balance is limited by the order of vanishing derivatives of the ramp function
at the temporal end points. We also give a numerical demonstration of the
∗
†
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efficacy of optimal balance, showing the dependence of accuracy on the ramp
time and the ramp function.
Optimal balance in primitive variables and applications to the energy cycle of the ocean
(G. Tuba Masur, Marcel Oliver)
The routes to dissipation in the ocean are still not fully understood. One
possible hypothesis is that dissipation through spontaneous emission of gravity waves and subsequent capture of gravity waves can provide a significant
contribution to the total rate of dissipation. To analyze this hypothesis with
current ocean models, it is necessary to perform diagnostic separation of balanced flow and gravity waves with a full ocean model in primitive variables.
Our current work is moving into the direction by systematically formulating optimal balance in terms of primitive variables, so far in the idealized
setting of the f -plane shallow water equations. We explain the formulation
of the algorithm in primitive variables and demonstrate that the method is
numerically robust only if PV is used as the “base-point variable”, highlighting the fundamental role of PV in geophysical fluid dynamics. Thus, while
all dynamic parts of the code can be formulated in primitive variables, a
kinematic PV-inversion appears unavoidable.

2

Title: Wave-Vortex Interactions in the Green-Naghdi Model
Authors: Adam Morgan, Francis Poulin, Jemma Shipton and Colin Cotter
Abstract
The presence of multiple spatial and temporal time scales in geophysical flows makes for a rich
physical system. Vortices are important examples of slow balanced motions and inertia-gravity
waves are examples of fast unbalanced motions, both of which are common features in
geophysical flows. It has proven to be difficult to quantify the degree to which they interact. In
the context of the Rotating Shallow Water model, Kuo and Polvani (1999) made some
significant advances in quantifying the interaction of these two rather different types of motions.
To investigate the dynamics of wave-vortex interactions in a slightly more complicated model we
consider the Green-Naghdi Rotating Shallow Water model since it accounts for some effects of
non-infinitesimal aspect ratios, therefore allowing for some non-hydrostatic effects. Using a new
Finite Element method written in Firedrake that conserves mass, vorticty and energy, we extend
the work of Kuo and Polvani. In particular, it can be shown how cyclonic motions interact more
strongly with gravity waves and we can determine how this asymmetry is affected by
non-hydrostatic effects.

Long frontal waves and dynamic scaling in freely evolving
equivalent barotropic flow
B. Helen Burgess and David G. Dritschel

We present a scaling theory that links the frequency of long frontal waves to the kinetic energy decay rate and inverse transfer of potential energy in freely evolving equivalent barotropic
turbulence [1]. The flow energy is predominantly potential, and the streamfunction makes the
dominant contribution to potential vorticity (PV) over most of the domain, except near PV fronts
of width O(LD ), where LD is the Rossby deformation length. These fronts bound large vortices
within which PV is well-mixed and arranged into a staircase structure. The jets collocated with the
fronts support long wave undulations, which facilitate collisions and mergers between the mixed
regions, implicating the frontal dynamics in the growth of potential-energy-containing flow features.
Assuming the mixed regions grow self-similarly in time and using the dispersion relation for long
frontal waves [2] we predict that the total frontal length and kinetic energy decay like t−1/3 , while
the length scale of the staircase vortices grows like t1/3 . High resolution simulations confirm our
predictions.

Figure 1: Kinetic energy density showing strong, narrow, undulating jets.
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The 3D structure of Mesoscale Eddies in the
Northeastern Arabian Sea, and their impact on
Submesoscale Dynamics
Charly de Marez, Pierre l’Hégaret, Mathieu Morvan,
Thomas Meunier and Xavier Carton
December 2018
In the Northeastern Arabian Sea, the pathway of the salty Persian Gulf Water outflowing from the Persian Gulf is strongly impacted by the mesoscale and
submesoscale features which evolve in the Sea of Oman and around the Arabian
Peninsula. We use ARGO floats colocalized with eddies detected in the Arabian Sea for the period 2000-2015 from altimetric data, to extract anomalies of
temperature and salinity related to mesoscale eddie. It allows us to compute
a composite 3D structure of mesoscale eddies in the region. These structures
are validated with in situ observations and are shown to be representative of
the typical mesoscale activity of the Sea of Oman. Using a primitive equation
simulation at high resolution, we show that the composite cyclonic eddy is unstable. A mixed barotropic/baroclinic instability causes the eddy to destabilize.
This leads to the deformation of the core of the eddy, and the formation of
spiral arms around it. The azimuthal mode 2 dominates, and the growth of the
perturbation is roughly constant, reflecting the linear stage of the instability.
The spiral arms then become unstable because of a shear instability in the surface layer. This forms a crown of long-standing submesoscale coherent vortices
around the eddy. Also, the edge of the eddy undergoes an intense frontogenesis
leading to the occurring of imbalanced circulation and generation of negative
Ertel Potential Vorticity. The core of the eddy is then eroded by a symmetric
instability which propagates inward.
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The Dynamics of the Martian Annular Polar Vortex
DARRYN W. WAUGH
Department of Earth and Planetary Sciences, The Johns Hopkins University, Baltimore,
Maryland, USA
WILLIAM J. M. SEVIOUR
School of Geographical Sciences University of Bristol, UK
RICHARD K. SCOTT
School of Mathematics and Statistics, University of St Andrews, St Andrews, UK
The Martian polar vortices have a distinctly different potential vorticity (PV) structure than
Earth’s polar vortices: On Earth there is generally a monopolar structure with highest magnitude
PV near the pole, whereas on Mars there is a persistent local minimum in PV near the winter
pole, with a region of high PV encircling it [1]. This annular structure is surprising, since an
isolated band of PV is barotropically unstable, and potentially has implications for the mixing
and chemical composition of vortex air. Here we report on investigations of the dynamics of the
Martian annular polar vortex, using both an idealized rotating shallow-water model and a
realistic general circulation model. It is shown that latent heat release from CO2 condensation
over winter pole is the cause of annular PV structure in Mars’ atmosphere [2]. Further, its shown
that the persistence of the annular structure depends on the ratio of the radiative relaxation time
scale to the time scale of the barotropic instability, with a persistent vortex occurring if, as is the
case for Mars, the instability time is comparable or longer than the radiative time scale [3]. We
will also discuss similarities / differences with polar vortices on other planetary bodies.
References
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Transport and mixing across Mars’s annular polar vortex
William J. M. Seviour1 , Darryn W. Waugh2 , and Richard K. Scott3
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Steep potential vorticity (PV) gradients at the edge of
Earth’s stratospheric polar vortices cause a partial barrier to the
mixing of polar and midlatitude air. This barrier is, for instance,
instrumental in the formation of the Antarctic ozone hole. It has
been recently shown that Mars’s polar vortices, unlike Earth’s,
consist of a persistent local minimum in PV at the winter pole,
with a region of high PV encircling it. This annular structure
is barotropically unstable, but thought to be maintained by fast
radiative time scales [1] and latent heating caused by the condensation of CO2 [2], the major atmospheric constituent.
Here we present an analysis of transport and mixing properties within Mars’s annular polar vortex, using both a comprehensive general circulation model (GCM) and numerical integrations Figure 1: Result of a 10of the rotating shallow water equations. An idealised “mean age” day contour advection calcutracer within the GCM reveals that the formation of the polar lation (coloured lines) based
PV minimum is accompanied by a decrease in the age of polar on a shallow water simulaair, indicative of increased mixing [3]. Horizontal mixing is fur- tion with relaxation towards
ther diagnosed using contour advection calculations, which reveal an annular PV profile (grey
two regions of high equatorward filamentation, at the inner and shading).
outer edges of the high-PV ring, with a local mixing minimum
between. The major transport properties identified in the GCM are reproduced in the shallow
water system. We use this system to study the dependence of transport properties on the PV
structure and relaxation time scales. We compare effective diffusivities calculated for an Earthlike “monopolar” vortex to those calculated for a range of annular vortices. Finally, we discuss
some interesting connections of this work to other geophysical problems, including transport
within annular vorticity structures in hurricanes, and the dynamics of planetary atmospheres
with non-dilute condensible components.
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The role of secondary circulations in the formation and persistence of annular vortices
Richard K. Scott
School of Mathematics and Statistics, University of St Andrews
Annular vortices, approximately axisymmetric distributions of potential vorticity with a distinct maximum at a finite radius from the centre, appear across a wide variety of geophysical and
astrophysical situations. Examples from the terrestrial atmosphere include the mesospheric winter
polar vortex as well as the potentially destructive tropical cyclones over the Pacific and Atlantic
oceans. In the Martian atmosphere, the distribution of potential vorticity in the winter polar troposphere exhibits a clear annular structure, while the ring of vortices in the polar regions of Jupiter’s
weather layer also has an annular structure when zonally averaged.
The radially non-monotonic distribution of potential vorticity in annular vortices is typically
shear unstable, suggesting that in all cases some sustaining mechanism is involved both in the
formation of annular vortices and in their maintenance over longer time scales. Shear instability
may involve the growth of eddy activity without the eventual destruction of the annular structure, or may lead to quasiperiodic temporal evolution in which the annular structure is repeatedly
destroyed and reformed; examples of each within the tropical cyclone context include the development of polygonal eye-walls, as well as eye-wall replacement cycles. On Mars, reanalysis and
general circulation modelling suggests the coexistence of significant eddy activity with annular
structure [1].
Secondary circulations, transverse to the predominantly azimuthal primary flow, may play very
different roles in the formation of such annular structures and their persistence against the effects of
shear instability. In the tropical cyclone, the vorticity profile can be considered as resulting from
diabatic heating within the vortex due to latent heat of condensation in an inward and upward
circulation driven primarily by surface frictional effects [2]. In this context, the latent heating
is most effective near the radius of maximum winds, where the inertial stability of the vortex is
greatest and offers most resistance to the secondary circulation [3]. The Martian polar vortex, has
a very different structure, arising primarily from the poleward transport of angular momentum by
a global Hadley circulation. In this case, latent heat release from carbon dioxide condensation
within the vortex warms locally and appears instrumental in the formation of a local minimum of
potential vorticity over the pole [4].
In this talk we demonstrate how both these extremes can be captured in a single dynamical
framework, in which the effects of secondary circulation are manifest via a mass source term
within a single dynamically active layer. The model allows for the systematic investigation of the
formation process and an assessment of the parameters influencing the resulting annular structure,
eddy activity, and temporal evolution. Moreover, it permits an exploration of other, intermediate,
dynamical regimes in a unified framework that may be of relevance to annular vortices in a wider
context.
[1] Seviour, WJM, Waugh, DW & Scott, RK, 2017, J. Atmos. Sci, 74, 1533
[2] Schecter, DA & Dunkerton, TJ, 2009, Q. J. Roy. Met. Soc, 135, 823
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[4] Toigo, AD, Waugh, DW, & Guzewich, SD, 2017, Geophys. Res. Lett., 44, 71

An Analytical Theory of Atmospheric and Oceanic Spectra
Boris Galperin, University of South Florida
An analytical, near-first principle theory of turbulence, the Quasi-Normal Scale
Elimination (QNSE), describes anisotropization of 3D, neutrally stratified flows under
the action of rotation with a constant angular velocity Ω. The effect of rotation reveals
itself in the emergence of different eddy viscosities and eddy diffusivities in different
directions and directional dependence of the kinetic energy spectra. In addition, the
theory recovers the phenomenon of componentality, i.e., appearance of different eddy
viscosities for different velocity components, and the onset of the inverse energy
cascade. The anisotropization and the rate of energy diversion to inverse cascade
increase with increasing scale. Coexisting direct and inverse cascades give rise to a dual
cascade, a feature of a rotating 3D turbulence.
The characteristic scales for the crossover between the turbulence and inertial wave
domains is the Woods scale, LΩ = [ε/(2Ω)3)]1/2, ε being the rate of the viscous dissipation,
which is analogous to the Ozmidov scale in flows with stable stratification.
The inverse cascade eventually renders the horizontal eddy viscosity negative, and so the
derivations are carried out in a weak rotation limit. Within that limit, QNSE yields an
analytical theory of the transition from the Kolmogorov to a rotation-dominated
turbulence regime. The dispersion relation for linear inertial waves remains unaffected
by turbulence. On the other hand, the energy spectra undergo transition from the
Kolmogorov, ε2/3 k-5/3, to the rotational, f2 k-3, power law, where f is the Coriolis
parameter and k is a magnitude of a 3D or a 1D vector.
In rotating and stratified geophysical flows, stable stratification strongly affects vertical
motions while rotation dominates horizontal motions, and so the QNSE-based spectral
expressions can be viewed as a simple model of the horizontal spectra. The QNSE
predictions are compared with data-based atmospheric and oceanic horizontal spectra.
For the atmosphere, the longitudinal and transverse QNSE spectra replicate the
canonical spectra by Nastrom & Gage and recover their previously unexplored
latitudinal dependence.
For the ocean, the 1D, along-track spectra are derived from the ADCP data collected in
the vicinity of the Gulf Stream, Kuroshio and ACC. The comparisons focused on slopes,
amplitudes, and latitudinal dependence. In all cases, the agreement between the data
and the QNSE predictions is good. The QNSE expressions appear to extend to the region
of submesoscales and provide a theoretical link between mesoscale and submesoscale
turbulence.
The theory may assist in interpretation of data collection as related to along-track
spectra and improvement of numerical models via better representation of the physics
of their subgridscale parameterization schemes.

Helicity estimations of circulation structures with various scales in the atmospheric
boundary layer
1,2
1
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Investigation of structures with various scales such as mesoscale roll circulations, polar lows, wind gusts and the integral characteristics of these structures in the atmospheric
boundary layer (ABL) has been carried out. The analysis of the global helicity fields in the
ABL according to ERA-Interim re-analysis data, WRF-ARW model results (version 3.9.1)
and experimental data has been implemented.
Two-scale model of Atmospheric boundary layer has been applied in the calculation of
nonlinear modes of the coherent structures development. Reasonably good correspondence
between numerical simulation findings obtained by this model, open nonhydrostatic
mesoscale model WRF-ARW, eddy-resolving model WRF-LES and observable vortices with
centers lying about 1200-1300 meters high has been received. The case study of July 28,
2007, in Kalmykia, monitored during an expedition from the A.M. Obukhov Institute of Atmospheric Physics, has been considered using the WRF-ARW model. The development of
roll circulation with considerable asymmetry in the positive and negative components of the
helicity field has been recorded (Fig. 1 - 3).

Figure 1. Two-scale model. Spatial distribution of helicity along Y,Z-axis. Re=175, orientation angle of roll
axis against geostrophic wind direction is   15 , contour interval is 0.001. Negative values are given by
dash lines

Figure 2. Two-scale model. Spatial distribution of helicity along Y,Z-axis. Re=225, orientation angle of roll
axis against geostrophic wind direction is   10 , contour interval is 0.005. Negative values are given by
dash lines
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Figure 3. WRF-ARW model. Spatial distribution of helicity component H along the Y(lat)Z and X(lon)Z
axes (top to bottom); the interval between the contours is 0.01 m/s2. The negative values are depicted by a
dashed line and the zero values are depicted by a solid gray line. July 28, 2007, 8 UTC. Mesh spacing is
180 m. The Z altitude in kilometers is represented on the y axis and the longitude and latitude (top to bottom)
in degrees are plotted on the x axis

There is a good correlation between the integral helicity and the square of the wind velocity at the higher sounding levels (400-800 m, measurements by sodars) in slightly unstable
or neutral stratiﬁcation conditions. The layer average helicity in the ABL is closed to theoretical and empirical estimates of turbulent helicity and is equal to about 0.02-0.12 m/s2.
The local variations of helicity are neighbor with the front part of a polar low observed
over the Norwegian Sea and the Barents Sea in the period between 27 and 31 March, 2013,
and in the period between 11 and 25 March, 2003. At a time of polar lows activity the local
maxima of the geopotential field align with the local minima of the integral helicity field.
During the polar lows occlusion the helicity decreases due to the slowing down of the rotational motion when the polar lows boundaries expand. In the period of the polar lows generation the integral helicity increases.
During modelling procedure of wind gusts in Moscow, in May, 2017, by WRF-ARW
model, the banded structures have also been received. Its arrangement and helicity field are
comparable to the roll’s one. A time delay between modeling results and in situ data has been
detected.
This work was supported by Russian Foundation for Basic Research (projects № 18-3500600, № 17-05-01116), and by fundamental research program of Russian Academy of Science (program № 15).

Jet streams and vortices in laboratory experiments
Otto G. Chkhetiani1, Alexey E. Gledzer, Evgeny B. Gledzer,
Maxim V. Kalashnic, Alexey A. Khapaev
A.M. Obukhov Institute of Atmospheric Physics, RAS, Moscow
The results of experiments in rotating annular channels filled with a thin layer of conducting
fluid are considered. Combinations of of permanent magnets providing MHD generation of smallscale velocity fields are formed, in particular, on the basis of numerical calculations of shallow
water equations.
Large-scale, almost circular vortices and wide jet streams, resulting from the transfer of
energy from a system of small-scale vortices to large scales, are obtained. The motions have a subrotation and super-rotation modes with respect to external rotation. Rotation in an large-scale
circular vortex has a differential character with a decrease in the angular velocity of rotation with a
radius in most of the channel area.
The dynamics of enstrophy and helicity, the effects of cyclone-anticyclone asymmetry are
considered. The mechanisms of the occurrence of jet streams and the appearance of vortex
condensate are discussed.
In general, the observed jet streams are characterized by considerable temporal variability, as
are similar structures in planet atmospheres.
The appearance of jet streams (Fig. 1), narrow or wide, can be considered as an intermediate
state from basic vortex small-scale movements to large-scale circular flows.

a)

b)

Fig.1 Expressed jet streams, h=24 mm, a) Trot = 67 sec, b) Trot = 39.8 sec.

With rapid rotation of the fluid, temporary "flare" formations of a circular vortex is observed
(Fig. 2, layer thickness 10 mm). However, the general time the system is in a turbulent state.
The temporal dynamics can be represented more evidently for the Hovmöller diagram of
azimuthal velocity profile in an arbitrary cross section (Fig. 3).
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a)

b)

Fig.2 Random perturbations and a circular vortex. Fast rotation - Trot = 4.7 sec, h = 10 mm.
a) frame number 4300; b) frame number 4800.

a)

b)
Fig. 3 The Hovmöller diagram of the azimuthal velocity. Vert. axes - radius in cm, horizon. axes - time in sec., color
scale of speed values - cm\sec. a) h = 24 mm, T rot = 67 sec; b) h = 10 mm. Trot = 5.8 sec

This work was supported in general by the Russian Science Foundation - Project No. 19-1700248 and also partially the Basic Research Program of the Presidium of the Russian Academy of
Sciences №1 and the Russian Foundation for Basic Research - Project No. 18-05-00831.
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Abstract

Mesoscale eddies, having a characteristic radius equal or larger than the local deformation radius, are generally
considered to be geostrophic. Even if this is true for most of them, there are few cases where the ageostrophic
velocity components induced by the local curvature of the streamlines are not negligible. These intense eddies
satisfy the cyclogeostrophic balance and their relative vorticities could reach finite values in their cores. We
optimized the convergence of an iterative method which computes the cyclostrophic corrections starting from
the geostrophic surface velocity of the AVISO/DUACS. We found that these ageostrophic corrections are needed
for most of the mesoscale anticyclones that have a geostrophic vortex Rossby number larger than Ro > 0.1.
Hence, a significant fraction of oceanic eddies are concerned, especially in the Mediterranean Sea where both the
Alboran and the Ierapetra eddies are frequently affected by such cyclostrophic corrections (Figure 1). Moreover,
the statistical analysis confirms that this cyclostrophic correction have a strong impact on the most intense
mesoscale anticyclones while it is quite weak for cyclonic eddies.
We then investigate a specifc forcing mechanism which tend to favor the formation of intense mesoscale
anticyclones along the coast. We found that orographic winds can generate an asymmetric dipole, when the
width of the wind jet exceeds the first baroclinic deformation radius of the coastal sea. In such case, the initial
dipolar response of the ocean leads to the formation of a robust and quasi-circular anticylone while the cyclonic
partner is strongly distorded and often splits in smaller eddies (Figure 2). Besides, such orographic wind forcing,
which induces a local Ekman pumping of both signs tend to reinforce the intensity of large mesoscale anticyclones
while it destabilize large cyclonic eddies. Both the intensity or the duration of such orographic wind forcing
favor the formation of intense mesoscale anticyclones along the coast.
Finally, we investigate the linear stability of surface intensified baroclinic anticyclones, with a particular
focus on the centrifugal (inertial) instability. We build a stability diagram for the centrifugal instability and
derive a simple stability criterion taking into account the stratification and the dissipation more suitable for
oceanic eddies than the standard inviscid Rayleigh criterion. This new instability criterion depends only on
three dimensionless parameters, namely the vortex Rossby numbre Ro, the burger number Bu, and the Ekman
number Ek. It takes into account the stratification and the dissipation through Bu and Ek, respectively and can
be written as follows:
√
Bu =

Rd
0.23 (Ro + 0.3) 2
p
≥ √
Rmax
Ek
|Ro|

Unlike the inviscid Rayleigh criterion, the above marginal stability limit shows that baroclinic anticyclones
can remain stable even if they have a core region of negative absolute vorticity provided that they are not
too large. This new criterion may explain the apparent robustness of the intense Ierapetra anticyclones which
sometimes exhibit a negative PV core according to the recent reanalysis of remote sensing observations.
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Figure 1 The localization of the maximal velocity correction, averaged for 5 days at each grid point, during
a 15 years period (2000-2015) is plotted for the whole Mediterranean Sea. The cyclostrophic velocity corrections
having an amplitude kV − Vg k below 10 cm s−1 are not plotted.
Abstract

Figure 2 The surface vorticity (red:cyclonic, blue:anticyclonic) of a surface layer of a rotating shallow-water
model forced by a localized Gaussian wind stress, of various intensities: 0.05 N.m−1 (a), 0.10 N.m−1 (b),
0.20 N.m−1 (c) and 0.30 N.m−1 (d). For a weak forcing (a), the oceanic dipole is symmetric while for a stronger
forcing (d), which leads to finite isopycnal displacements, the oceanic response corresponds to a strongly asymmetric dipole (d).
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Vertical alignment of two vortices in a continuously stratified
quasi-geostrophic flow
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We revisit the problem of vortex alignment in a continuously-stratified quasi-geostrophic flow. The problem
has already been explored in of a two-layer model by Polvani (1991)1 and in continuously stratified fluid by
Viera (1995)2 , Sutyrin et al. (1998)3 and Reasor and Montgomery (2001)4 . In this work, we consider two
disjoint vortices of mean width-to-height aspect ratios h/r, rather than a distorted columnar vortex. Vortices
are separated in the vertical direction by a layer of fluid of thickness ∆z. We consider the cases ∆z = 0 and
∆z = 2h/61, 6h/61, and 12h/61, where h is the half-height of the vortices.
We first determine families of equilibrium states (V-states) using two different approaches. In each family the
vortices have a specified aspect ratio h/r, and the vortices are separated by a specified vertical offset ∆z. Equilibria within the family differ by the horizontal distance `x separating their centre. In the first approach, vortices
are modelled by ellipsoids and non-ellipsoidal deformations are filtered out. We use the finite-dimensional Hamiltonian ellipsoidal model (ELM) derived by Dritschel et al. (2004)5 . We also determine numerically equilibrium
states for the full quasi-geostrophic dynamics, which includes non-ellipsoidal deformations. In both approaches
the equilibria vortices are tilted towards each over as seen in figure 1.

Figure 1: Examples of equilibria for h/r = 5 in the narrow range where the vortex pair is unstable. Ellipsoidal
equilibria (left) and full QG equilibria (right).
We found a good agreement between the two approaches over the wide parameter space. Most of the
1

Figure 2: Example of nonlinear evolution of two vortices in unstable equilibrium with h/r = 0.25, ∆z = 0 (end
of the branch of equilibria). Vortices are viewed at an angle of 65◦ from the vertical direction.

Figure 3: Example of nonlinear evolution of two non-equilibrium, spheroidal vortices h/r = 0.25, ∆z = 0 (end
of the branch of equilibria). Vortices are viewed at an angle of 65◦ from the vertical direction.

equilibria are stable apart for a very narrow region of instability if the vortices are prolate. In this case the
instability is not destructive, and the instability leads to small amplitude pulsation of the vortices. On the other
hand, oblate vortices may be unstable when the vortices are moderately offset in the horizontal direction, and
typically when the vortices are partially vertically aligned, see for example figure 2.
When starting from non-equilibrium, upright-standing, spheroidal vortices, the vortices tend to tilt to reach
the nearby titled equilibrium. If the vortices are prolate, the nearby equilibrium is generally stable and the
transition from the upright-standing position a near titled equilibrium occurs with very little filamentation.
Filamentation occurs near the vertical tips of the vortices as waves propage up and down the vortex boundaries.
If the vortices are oblate, the nearby equilibrium may be unstable, and the non-linear evolution of the up-right
standing vortices is more complex as shown in figure 3. More significant filamentation may occur allowing the
vortices to further align while conserving the integral invariants of the flow.
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Maintenance of the Lofoten Vortex by eddy mergers
The Lofoten Basin is an important region along the route of the Norwegian Atlantic Current into the
Arctic Ocean. In the Nordic Seas, the region stands out as a hot spot both in terms of mesoscale
eddy activity and heat storage. The basin harbors a multitude of large, subsurface intensified
anticyclones originating from the coastal current. A distinct anticyclone has been observed in the
center of the basin, the Lofoten Vortex. It is a highly non-linear feature, yet extremely persistent,
leaving an imprint on longterm average Sea Level Anomaly fields. This imprint strongly suggest
that the central vortex is a robust, long lived feature. We investigate the resilience of the Lofoten
Vortex using a numerical model, with unprecedented temporal and spatial resolution for this region.
Vortex interactions are studied in detail. We show that vertical alignment is the main mechanism for
regenerating the Lofoten vortex.

Balanced solutions for an ellipsoidal vortex at finite
Rossby number
William J. McKiver
ISMAR-CNR, Arsenale - Tesa 104, Castello 2737/F, Venice, 30122, Italy

David G. Dritschel
Mathematical Institute, University of St Andrews, North Haugh, St Andrews, KY16 9SS,
UK
The study of vortices has long been considered fundamental to understanding the complex
dynamics that underlie all turbulent fluid motions. This view arises naturally when one
observes that turbulent flows contain an abundance of vortices, continually being generated,
merging and breaking up, in a mêlée of complicated interactions. In particular, a multitude
of vortices are observed in large-scale geophysical flows in the atmosphere and oceans [1].
The nonlinear nature of these flows has meant that much of our understanding relies on
numerical simulation. Often it has proved useful to consider the motion of an isolated vortex
as a means of understanding more generally the characteristics of geophysical turbulence.
Such idealized problems can lead to simplifications that can allow analytical solutions. Such
an approach was originally taken for the 2D elliptical vortex ([2], [3]), then a century later
was extended to the 3D quasi-geostrophic (QG) case for an ellipsoidal vortex [4]. Here we
follow this approach, where we consider the motion of a single ellipsoidal vortex with uniform
potential vorticity in a rotating stratified fluid at finite Rossby number (ǫ).
The ellipsoidal vortex has been exploited in many previous studies within QG dynamics
([4], [5], [6], [7], [8], [9]). This vortex model is built on the classical potential theory of
ellipsoids ([10], [11]), where in the case of the QG system, all the dynamics depends on a
single scalar field, the potential vorticity. Previous work [5] has shown that, if the velocity
field induced by an ellipsoidal vortex only depends linearly on spatial coordinates inside the
vortex, i.e. u = Sx, then the dynamics reduces markedly to a simple matrix equation. The
instantaneous vortex shape and orientation are encapsulated in a 3 × 3 symmetric matrix B,
which is acted upon by the ‘flow matrix’ S to provide the vortex evolution. Under the QG
approximation, the flow matrix is determined by inverting the potential vorticity to obtain
the streamfunction via Poisson’s equation, which has a known analytical solution depending
on elliptic integrals. Based on this ellipsoidal solution, steadily-rotating equilibria have
been determined and their stability properties have been studied ([4], [5], [6], [8]). Though
the ellipsoidal model is an idealization, numerical studies of complex multi-vortex turbulence
have shown that it well predicts the typical shape characteristics of vortices in QG turbulence
[6].
Building on the solutions previously obtained under the QG approximation (at first
order in ǫ), here we present analytical solutions for the balanced part of the flow at O(ǫ2 ),
so-called QG+1 [12]. These solutions capture important ageostrophic effects giving rise to an

asymmetry in the evolution of cyclonic and anticyclonic vortices. Here we show that higherorder balanced solutions, up to second order in the Rossby number, can also be calculated
analytically. However, in this case there is a vector potential that requires the solution
of three Poisson equations for each of its components. We determine the full analytical
solution to the three Poisson equations, and present results for a few specific cases, namely
an upright ellipsoidal vortex with its axes aligned with the coordinate axis, and the tilted
spheroid. We examine how these solutions vary with the Rossby number, shedding new light
on the characteristics of vortices beyond the QG approximation at finite Rossby number.
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Comparison between the Green-Naghdi equations
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The Green-Naghdi (GN) equations are a well-known extension of the Shallow-Water (SW) equations
that capture the effects of finite fluid depth for horizontal scales less than the mean fluid depth. In the
present study, the GN equations are compared to the SW equations, focusing on the differences arising in
their solutions. The GN equations are not derived from an asymptotic expansion in a small parameter,
such as a characteristic wave slope or height to width aspect ratio. Instead, the GN equations are derived
from 3D incompressibility and energy conservation and a single approximation is made for the velocity
field: it was assumed that the vertical velocity component is a linear function of the z coordinate (vertical
coordinate) and the horizontal velocity components are independent of z. The SW equations are based
on a similar assumption with the exception that they go further by assuming that the pressure is obtained
from hydrostatic balance.
We transform the GN equations to a more convenient form for studying rotating shallow-water flow.
The transformed equations make explicit use of potential vorticity together with a pair of variables
expressing the first-order departure from geostrophic-hydrostatic balance. These variables are convenient
for decomposing the fluid motion into balanced components (slow vortical motions) and imbalanced
components (fast gravity waves). This decomposition reveals a fundamental inconsistency in the GN
equations for horizontal scales less than the mean fluid depth (small scales). In the GN model, flow
features at small scales show poor convergence (or no convergence) with increasing numerical resolution.
Moreover, numerical dissipation of energy is much greater than in SW model. Numerical simulations
reveal that the spatial derivatives appearing in the original GN momentum equations do not converge
with increasing resolution. In particular, the shallow height spectra observed indicate that not even
one spatial derivative converges. However, in fact three spatial derivatives are needed to evaluate the
non-hydrostatic pressure term appearing in the GN momentum equation. This lack of convergence shows
that the GN equations lack regularity.
Because the GN equations assume that the horizontal flow is independent of depth, they in fact do
not properly represent motions at horizontal scales comparable to or less than the fluid depth. Therefore,
a different assumption which couples horizontal and vertical variations is required.
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Vortices on Hot-Jupiters
Jack Skinner1 and James Cho2
(1Queen Mary University of London, UK; 2Flatiron Institute, USA)
The evolution of vortices on hot-Jupiters are studied using the primitive equations at high
resolution. Hot-Jupiters are giant planets that orbit very close-in to their host stars and constitute
roughly a quarter of the several thousand planets currently known. With a setup commonly
employed in many hot-Jupiter simulation studies, we show that dynamic, coherent vortices of
varying scales are a generic feature of hot-Jupiter atmospheres. In particular, modons that
transport heat (cold) from day (night) side to night (day) side form and often display discernable,
repeated ‘life cycles’. Such periodic behaviors are important for understanding the nature of
planetary atmospheres in markedly ageostrophic regimes, as well as interpreting and guiding
current and future observations.

A ring of vortices around a central vortex in a
quasi-geostrophic compressible atmosphere
David Dritschel
Mathematical Institute, University of St Andrews, North Haugh, St Andrews, KY16 9SS, UK
The study of the stability of n equally-spaced and identical point vortices lying on a ring
goes back to Thomson (1883), who examined the two-dimensional (barotropic) case without a
central vortex. Thomson found that n > 8 vortices are linearly unstable (though he erroneously
concluded n = 7 vortices are unstable as well due to numerical inaccuracies). Much later,
Morikawa and Svenson (1971) examined “geostrophic” vortices in the quasi-geostrophic shallowwater (QGSW) model, and included a central vortex. The QGSW model includes an additional
parameter, the Rossby deformation length LD . In the limit LD → ∞, the QGSW model reduces
to the barotropic model (or the Euler equations) originally examined by Thomson.
Very recently, Reinaud (2019) has generalised the study of Morikawa and Svenson (1971) to
the three-dimensional quasi-geostrophic (3DQG) model, using the Boussinesq approximation
relevant to oceanic dynamics. Reinaud considered the simplest case for which both the Coriolis
and buoyancy frequencies, f and N , are constant. Using the rescaled height coordinate z̃ =
N z/f , the streamfunction ψ is obtained by inverting Laplace’s operator ∇2 (in the rescaled
coordinates) on the potential vorticity q, taken to be localised at discrete points.
Reinaud (2019) is the closest point of reference to the current study, which further generalises
Reinaud’s study to consider the 3DQG model for a compressible atmosphere, i.e. including a
basic state density profile ρ̄(z) = ρ̄0 e−z/H decaying exponentially with height z. (Reinaud also
considers finite volume vortices of uniform potential vorticity, while Reinaud and Dritschel
(2019) discuss the formation mechanism from a toroidal ring of potential vorticity.) Here, H is
called the density scale height. In the limit H → ∞, we recover the Boussinesq 3DQG model
studied by Reinaud.
As in Reinaud (2019), both f and N are assumed to be constant, enabling one to work
with the rescaled height coordinate N z/f . The density scale height H is similarly rescaled,
using N H/f . In this way, all references to f and N disappear from the governing equations.
To reduce the number of dependent parameters of
p the equilibrium configuration, we are free to
choose the ring of vortices to lie at radius R = x2 + y 2 = 1 in the plane z = 0, and to take
the ‘strengths’ (circulations divided by 4π) of these vortices to be unity. The problem then
depends on the four essential parameters: (1) the number n of vortices on the ring, (2) the
strength κ0 of the central vortex, (3) the height z0 of the central vortex, and (4) the (rescaled)
density scale height N H/f .
A linear stability analysis is carried out to determine where in parameter space the vortex
configuration is stable. Furthermore, numerical integrations of the full nonlinear equations
reveal the modes of behaviour of unstable configurations, and indicate the existence of stable
‘double-ring’ configurations, verified analytically. The key finding is that, over the extensive
parameter space explored, n = 5 vortices enjoy the greatest range of stability. For a given
density scale height, one can stabilise other numbers of vortices by an appropriately chosen
central vortex. Such a vortex positioned below the ring (z0 < 0) and having the same sign of
circulation (κ0 > 0) is most effective. These results may help explain the recent discovery of
ring configurations of 5 and 8 vortices centred on Jupiter’s south and north poles, respectively
(Adriani and et al ; 2018).

References
Adriani, A. and et al (2018). Cluster of cyclones encircling Jupiter’s poles, Nature 555: 216–219.

Morikawa, G. and Svenson, E. (1971). Interacting Motion of Rectilinear Geostrophic Vortices,
The Physics of Fluids 14(6): 1058–1073.
Reinaud, J. (2019). Three-dimensional quasi-geostrophic vortex equilibria with m–fold symmetry, Journal of Fluid Mechanics 863: 32–59.
Reinaud, J. and Dritschel, D. (2019). The stability and nonlinear evolution of quasi-geostrophic
toroidal vortices, Journal of Fluid Mechanics 863(6): 60–78.
Thomson, J. (1883). A Treatise on the Motion of Vortex Rings, MacMillan.

P OSTERS
- A BSTRACTS -

50

Life cycle of small vortices generated by a vortex row in semi enclosed gulfs
Mathieu Morvan, Xavier Carton, Charly De Marez, Pierre L'Hegaret (1), Clement Vic (2),
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Summary
The Gulf of Oman and the Gulf of Aden are intermediate basins which receive the outflows of salty water
from the Persian Gulf and from the Red Sea, but also the waves and eddies from the Arabian Sea. These
outflows settle at 250-300m and 600-1000m depths, respectively. The surface eddies in these two gulfs are
dynamically deep reaching, and they strongly perturb these deep outflows. In the absence of these eddy
fields, these two outflows should follow the coasts of Oman or of Somalia. But these eddies divert their paths
away from the coast, advect them along curved trajectories around the eddy rims, elongate these outflows as
salty filaments into these two gulfs and finally, can break these filaments into small eddies. Filaments and
small eddies can also originate from the instability of upwelling fronts.
Here we study the generation of small scale eddies and filaments by the larger eddies, to the mechanisms
which underlie them and their lifecycle. To this end, we used in situ data and a primitive equation model
(ROMS). Vic et al. (2015) studied the case of a mesoscale dipole, here we consider a vortex row with
alternated polarities as revealed by satellite observations during the 2011 spring inter-monsoon. A continental
slope exists north and south of the domain, parallel to these coasts. The eastern and western boundaries of
the domain are open. It is shown that
a) the large surface eddies rub on the slope and create a friction boundary layer
b) this boundary layer detaches from the slope, advected by the vortex flow ; it then forms a filament
c) this filament undergoes horizontal shear instability and forms a chain of small (submesoscale) eddies
d) these small eddies are close and can merge ; thus they grow and become more resistent to the ambient
shear created by the large vortices
e) these small eddies are then advected around the large eddies towards the exit of the channel (of the gulf).
This advection can be achieved by the larger eddy flow, or by dipolar coupling with opposite signed vortices.
The small eddies often end up either sheared out by the ambient flow, dispersed by waves on the slope or
merged into large eddies.
As a result, these eddies have a maximal radius of 20 km and a maximal lifetime of 3 months. These
characteristics are compatible with the available measurements at sea in this region.

Keywords : mesoscale eddies, submesoscale vortices, topographic effect, frictional boundary layer,
horizontal shear instability, vortex characteristics and lifetime, application to the Gulf of Oman and
to the Arabian Sea.

CLUSTERING OF FLOATING PARTICLES IN STOCHASTIC,
WEAKLY COMPRESSIBLE VELOCITY FIELDS WITH A
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Summary
Here we consider floating impurity clustering in a velocity filed that is a combination of
a stochastic part with compressible and incompressible components and a regular (averaged)
part related to the dynamics of mesoscale eddies. It is shown that floating impurity particles
can aggregate in clusters in such velocity fields, which are superpositions of dominant regular
components and small random supplements. However, the clustering process is somehow slower
compared to the case of a strongly compressible random velocity field.

It is well-known that floating particles can cluster into narrow, elongated stripes given a strongly
compressible random velocity fields [1]. When we consider a random velocity field with potential
(compressible) and solenoidal (incompressible) components, complete clustering, when all the initially deployed particles congregate in clusters, is possible only if the potential component’s magnitude exceeds the solenoidal one. However, this result is valid only asymptotically. In the ocean, the
ageostrophic component of the velocity field is, in most cases, an order of magnitude smaller than
the geostrophic one. Thus, for floating particles the potential component of the velocity is also small
in comparison with the quasi-geostrophic incompressible component. Moreover, the theory does not
provide much clarity to the case when there is a combination of a regular (averaged) velocity field
and stochastic one. In the present work, we numerically investigate clustering of floating impurities
in a velocity field that is a superposition of a regular component and stochastic one.
The model for the random velocity component we use is the same velocity field as in work [2].
Three types of random velocity fields are addressed: (i) only compressible velocity component; (ii)
only incompressible velocity component (iii) both compressible and incompressible components.
The regular component of the velocity field comes from a simulated circulation in the Japan/East
Sea (JES). The obtained JES circulation was simulated using a model configuration based on the
INMOM model with an eddy-resolving horizontal resolution (1/12 degree in the longitude and latitude directions). The INMOM model is based on the primitive equations of the ocean dynamics with
the hydrostatic and Boussinesq approximations and the vertical coordinate is a sigma coordinate
[3]. The model domain is the JES, the Okhotsk Sea and a part of the North-Western Pacific Ocean.
The model is driven by an atmospheric forcing that involves momentum, heat and salt fluxes at
the air-water interface. To estimate these fluxes we used the bulk formulae [3], whilst atmospheric
parameters were extracted from the JRA55-do dataset covering a time period from 1958 to 2017.
An analysis of the simulated circulation in the JES attests that its basin- and meso-scale features
are consistent with observational and satellite measurements. A monthly mean sea surface velocity
field in the South-Western part of the JES, where the mesoscale dynamics is more intensive is used
as the regular component for the compound regular-random velocity field that is further used to
study clustering of floating particles. It is worth noting that we use a stationary (averaged) regular
velocity field.
Our analysis suggests that velocity fields with only a regular component induce the following
advection patterns. Floating particles are concentrated near the boundaries of cyclonic vortices
and near the centres of anticyclones. These results are consistent with observed chlorophyll concentrations and enhanced biological activity in regions subject to the dynamics of mesoscale eddies
[4].

Fig. 1: The density of the particle patches at two instances in time. The particle patches were
initially deployed inside: a cyclonic eddy (130-131E; 38.5-39.5N), a cyclone-anticyclone vortex pair
(132-134E; 38-39.4N) and an anticyclone-anticyclone vortex pair (130-132E; 40.5-41.5N). The initial
density is equal to unity for all the initial patches. The upper panels show the patch scattering
given a velocity field consisting of only a regular velocity component. The lower panels show the
scattering in a velocity field consisting of a superposition of regular and stochastic components. A
significant increase of the particle density is associated with particle clustering.
We have found that for the case of a compound velocity filed superposing regular and stochastic
velocity components, the intensity of particle transport decreases in contrast with the case of a
purely regular velocity field; regions with intense mesoscale eddy dynamics and transport corridors
facilitate intense particle clustering. Nevertheless, our tentative analysis has shown that the intensity
and extent of particle clustering is still noticeably limited by the regular component as compared
to the case of a purely random velocity field.
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In the framework of the two-layer quasigeostrophic model, the problem of
the motion of a system of 2N point vortices is considered. It is assumed that
the layers have the same thickness and that N identical vortices lie in each
layer. The vortices are initially located at the vertices of a regular N -gon.
The vortices of the upper and lower layers have opposite signs, the corresponding regular N -gons have a common center, but different size. Both
polygons remain regular but are offset from one another by an angle Φ(t).
Topologically close problems were considered in [1], where N -symmetric motions of 2N vortices in a homogeneous fluid were studied, and in [2, 4], where
a two-layer model was used, but with equal edges of upper and lower polygons
layers.
Following to [3] we reduce the system of 4N equations to two equations
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where R = r1 (radius-vector of upper layer vortex of one of N hetons) and
Φ = ϕ2 − ϕ1 (the difference of polar angles of lower and upper vortices of
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this heton), % = r2 /r1 , γ is the parameter of stratification, and K1 is the first
order modified Bessel function. Here we introduce the following denotations:
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The presentation is devoted to the analysis of possible solutions of this
system and their stability.
The work of two first authors was supported by the Ministry of Education
and Science of the Russian Federation (Projects No. 14.W03.31.0006) and
Russian Foundation for Basic Research (Project No. 17-05-00035).

References
[1] Aref, H., 1982. Point vortex votions with a center of symmetry. Phys.
Fluids. 25(12), 2183–2187.
[2] Hogg, N.G., Stommel, H.M., 1985. Hetonic explosions: the breakup and
spread of warm pools as explained by baroclinic point vortices. J. Atmos.
Sci. 42(14), 1465–1476.
[3] Koshel, K.V., Reinaud, J.N., Riccardi, G., Ryzhov, E.A., 2018. Entrapping of a vortex pair interacting with a fixed point vortex revisited. I.
Point vortices. Fhys. Fluids. 30(9), 096603, doi.org/10.1063/1.5040884.
[4] Sokolovskiy, M.A., Verron, J., 2014. Dynamics of vortex structures in a
stratified rotating fluid. Series Atmos. & Oceanogr. Sci. Lib. Vol. 47,
Springer: Switzerland, 382 p.

2

Quasi-geostrophic vortex arrays in a three-diemsional flow
Jean N Reinaud and David G Dritschel
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Pictures of Jupiter taken by the Juno spacecraft have revealed the presence of regular vortex arrays over the
giant gas planet’s poles. There is an array of eight vortices surrounding a central vortex over the North pole,
while there is an array of five vortices around a central vortex over the South pole, see Adriani et al. (2018).
The dynamics of Jupiter’s weather layer is strongly influenced by the stable stratification of the fluid and by
the rapid rotation of the planet. Flows developing in such environments are accurately modelled within the
quasi-geostrophic theory.
To explain the observations, we study arrays of quasi-geostrophic vortices in mutual equilibrium in a continuously stratified, rapidly rotating fluid. We also address their linear stability. We first model the vortex
arrays using point vortices. In the absence of a central vortex, we show that only vortex arrays of N ≤ 5 point
vortices are stable (in contrast with N ≤ 7 in a two-dimensional flow). Vortex arrays of N > 5 vortices are
unstable. Vortex arrays of N ≤ 8 may however be stabilised by the addition of the central, like-signed, vortex
of moderate strength. We next determine numerically equilibrium states for arrays of finite-volume vortices. In
this case, owing to the ability of finite-volume vortices to deform when subjected to intense strain, the equilibria
are unstable if the vortices are close together. There are nonetheless large regions of the parameter space where
stable equilibria for the finite-volume vortex arrays exist.
We finally propose the first plausible scenario for the formation of the vortex arrays by studying the stability
and the nonlinear evolution of tori of potential vorticity. The tori are unstable and self-organise into arrays of
vortices. We show that the destabilisation of a potential vorticity torus can generate robust, persistent 5 and
8-vortex arrays with a central vortex.
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